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Abstract
We prove that any nef b-divisor class on a projective variety is a decreasing limit of nef
Cartier classes. Building on this technical result, we construct an intersection theory of
nef b-divisors, and prove several variants of the Hodge index theorem inspired by the work
of Dinh and Sibony in this context. We show that any big and basepoint free curve class is
a power of a nef b-divisor, and relate this statement to the Zariski decomposition of curves
classes introduced by Lehmann and Xiao. Our construction allows us to relate various
Banach spaces contained in the space of b-divisors which were defined in our previous
work. We further discuss their properties in the case of toric varieties and connect them
with classical functional objects in convex integral geometry.
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Introduction
The notion of b-divisor was introduced by Shokurov and have found striking applications in al-
gebraic geometry and singularity theory [Sho96, Sho03, Amb05, Cor07, Fuj12, BdFF12, Zha14,
BFJ14], and in algebraic dynamical systems [BFJ08a, Can11, GR14, Xie15, BC16, DF20]. It
provides the right setting to construct Zariski decomposition of divisors [BFJ09, KM13] and
of higher codimension cycles [FL17b]. It is also deeply tied with some recent developments
in pluripotential analysis on non-Archimedean analytic varieties (see [Zha95, Gub98, CL06,
BFJ16, BJ18, GJKM19] and the references therein).
A b-divisor is by definition a collection of Neron-Severi classes in all birational models of a
fixed projective variety (satisfying some natural compatibility conditions). It is thus in essence
an "infinite" object and defining the intersection product of two such objects always requires a
limiting process which may be guaranteed only under special circumstances.
Such an intersection theory have been successfully developed for special classes of b-divisors:
Cartier b-divisors in [KK14], relatively nef b-divisors over a closed point in [BFJ08b], and over
the spectrum of a valuation ring [BFJ16, BJ18, GJKM19]. In this paper, we focus on nef b-
divisors over a projective variety, and show that one can develop a natural intersection calculus
for them. We proceed by proving a Hodge index theorem in this context, and solve the operator
α 7→ αd−1 (d being the dimension of the ambiant variety) which may be viewed as an analog
of the complex Monge-Ampère operator. We make this analogy more solid by relating our
constructions with convex integral geometry in the toric setting.

We work under the following setup, and borrow the terminology from [BFJ08a, DF20].
Let X be any smooth projective variety of dimension d defined over a countable field K of
characteristic 0. A Weil b-divisor class α is a family of real Neron-Severi classes αX′ ∈ NS(X ′)
that are compatible under push-forward. Here X ′ runs over all smooth birational models lying
over X.
The space w-N1(X ) of Weil b-divisor classes forms an infinite dimensional vector space. It
can be identified with the projective limit of the real Neron-Severi spaces of all models, hence
carries a natural locally compact topology.
Cartier b-divisors are Weil b-divisors for which there exists a model X ′ such that αX′′ =
pi∗αX′ for any model such that pi : X ′′ → X ′ is regular. In this situation we say that α is
determined by αX′ in X ′.
Since the nef property is stable by pull-back one can define nef Cartier classes as those
determined by nef classes in some model. We say that a class α ∈ w-N1(X ) is nef if there
exists a sequence of nef Cartier b-classes such that αn → α. Our main aim is to explore in
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depth the structure of the convex cone Nef(X ) of nef b-divisors. We first prove a fundamental
approximation result for arbitrary nef classes.
Theorem 1. Let α ∈ Nef(X ) be any nef class. Then there exists a sequence of nef Cartier
b-divisor classes αn ∈ c-Nef(X ) decreasing to α.
The crucial point in the statement above is the fact that the approximating sequence is
decreasing meaning that it satisfies the condition αn ≥ α in the sense that αn − α is pseudo-
effective for all n. The proof relies on the asymptotic construction of multiplier ideals and is
completely analogous to (and in fact simpler than) the approximation results of relatively nef
b-divisors (over a smooth point [BFJ08b], or over a curve [BFJ16, BJ18, GJKM19]). A similar
approximation result is proved in a toroidal context in [BBG20, Lemma 5.9] which does not
use multiplier ideals techniques.

Using the previous theorem, one can follow the construction of positive intersection classes
developed in [BFJ09, BDPP13], and define a generalized intersection product of nef b-divisor
classes which takes the following form.
We first define a b-class of codimension k as a collection of numerical classes αX′ ∈ Nk(X ′)
for any proper birational model X ′ → X that are invariant under push-forward morphisms.
Several notions of positivity have been explored in Nk(X ′), see [FL17a]. Among those, we shall
use the notion of basepoint-free (BPF) classes which seems appropriate in several contexts, in
particular for applications to dynamical systems, see [Dan20, DF20].
By definition, a numerical class Nk(X ′) is BPF if it can be approximated by images under flat
morphism of complete intersection amples classes. As above, this notion leads to the definition
of codimension k BPF numerical b-classes.
Given any collection of nef classes {αi}1≤i≤k ∈ Nef(X ), we then define (α1 · . . . · αk) ∈
BPFk(X ) as the infimum (β1 · . . . · βk) over all nef Cartier b-classes βi ≥ αi. That this intersec-
tion product is multilinear and extends the natural one on Cartier classes is a consequence of
Theorem 1.
Of crucial importance to applications is the fact that the intersection product satisfies
various forms of Hodge index theorem. In particular, we shall prove:
Theorem 2. Any two nef classes α, β such that α · β = 0 are proportional.
We also obtain a far-reaching generalization of [DS04a, Corollary 3.5] for b-divisors, see
Theorem 18 below. We hope that this result will find applications to the study of birational
group actions on projective varieties.

We next prove that any big BPF class of dimension 1 can be realized as a (d− 1)-th power of
a nef b-divisor. Our precise statement reads as follows.
Theorem 3. The map γ 7→ γd−1 induces a bijection from the space of classes γ ∈ Nef(X ) such
that γ ≥ cω for some c > 0 onto the space of classes α ∈ BPFd−1(X ) such that α ≥ c′ωd−1 for
some c′ > 0.
For any k ≥ 1, let us call big any class α ∈ w-Nk(X ) such that α ≥ cωk for some c > 0.
Then the previous statement yields a bijection between big nef divisor classes and big BPF
curve classes.
Our proof is variational in nature, and follows the same line of arguments as in [BFJ15]
(whose proof is itself inspired by [Ale96] and [BBGZ13]). A key point in the proof is the
3
differentiability of the volume function, see [BFJ09, LM09, WN19]. Over a toric variety, our
statement is precisely Minkowski’s theorem as we explain in 5.11.
Note that recently Lehmann and Xiao [LX16] have introduced an intriguing Zariski decom-
position of curve classes on projective varieties (see also [FL17b] for an approach for general
classes). They showed that for any big curve class α ∈ Nd−1(X) there exists a unique nef class
LX(α) ∈ N1(X) such that
α ≥ LX(α)d−1 and LX(α) · (α− LX(α)d−1) = 0 .
We relate our statement to Lehmann-Xiao’s decomposition by proving that for any big BPF
class α the family of nef Cartier classes LX(αX′) where X ′ ranges over all models over X
converges to the unique nef class γ solving γd−1 = α. We refer to Theorem 28 for a precise
statement. As a consequence of [LX16, Theorem 5.29], we also obtain a characterization of big
curve classes in terms of the functional v̂ol that was introduced by Xiao in [Xia17] (Theorem 31).
The intersection theory of b-divisors and the techniques presented in this paper lead to a
better understanding of the structure of the space of b-classes. In a previous paper [DF20],
we introduced two Banach spaces NkBPF(X ),NkBPF,∗(X ) ⊂ w-Nk(X ) which played a crucial role
in our approach to the degree growth of rational self-maps. We also introduced yet another
Banach space N1Σ(X ) ⊂ w-N1(X ). We review all their definitions in §1.4. We use Theorem 1
above and a version of Diskant inequalities for b-divisors extending [BFJ09, Theorem F] to
prove the following inclusions.
Theorem 4. One has the following sequence of continuous injections:
N1BPF(X ) ↪→ Vect(Nef(X )) ↪→ N1Σ(X ) ↪→ N1BPF,∗(X ) ↪→ w-N1(X ). (1)
The first and last injections were proved in [DF20, Proposition 2.10] whereas the two injec-
tions Vect(Nef(X )) ↪→ N1Σ(X ) ↪→ N1BPF,∗(X ) are new.
Conjecture 1. For any projective manifold X of dimension at least 2, all inclusions in (1) are
strict.
The injection N1Σ(X ) ↪→ N1BPF,∗(X ) can be viewed as an analog of the Sobolev injection
of W 1,2([0, 1]) into C0([0, 1]), and this analogy takes its root in the context of toric geometry
as we now explain. Toric manifolds provide a particularly interesting class of algebraic vari-
eties over which intersection of algebraic cycles1 can be interpreted in terms of mixed volumes
in convex geometry ([Tei88, LX17]). We include in §5 a detailed discussion of numerical b-
classes on these varieties. More precisely, we describe the spaces of torus-invariant b-classes
N1BPF(tor),N
1
BPF,∗(tor),Nef(tor),BPF
d−1(tor) and N1Σ(tor). To that end, we follow [Bot19] and
relate b-divisor classes to homogeneous functions on the unit sphere, and curve b-classes to
(balanced) measures on Sd−1. We further interpret in terms of classical constructions in convex
geometry nef classes in codimension 1 and BPF classes in dimension 1, and we finally obtain
characterizations of the space of torus invariant b-classes appearing in (1).
Our results are summarized in §5.10: they are not definitive, but are strong enough to prove
the series of strict inclusions:
c-N1(tor) ( N1BPF(tor) ( Vect(Nef(tor)) ( N1Σ(tor) ( N1BPF,∗(tor) ( w-N1(tor) . (2)
When the ambient space is a surface, we also obtain the following dictionnary:
1we refer to [CGSZ19] for a discussion on the intersection of positive closed currents over complex toric
manifolds and to [BGPS14] for intersecting adelic divisors on toric manifolds defined over a number field
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Functional spaces Convex geometry b-classes
Convex functions Positive combinations of mixed Nef b-divisors
volume with convex bodies
Balanced atomic signed measures Linear combinations of mixed (N1BPF, ‖·‖BPF)
on S1 ∩ Q2 endowed with the volumes with rational polytopes
norm induced by the total endowed with a cone norm
variation ([DX17, §2.4])
Balanced signed measures Continuous translation invariant (Vect(Nef), ‖·‖BPF)
on S1 endowed with the norm valuations of degree one endowed
induced by the total variation with a cone norm ([DX17, §2.4])
Sobolev space W 1,2(S1)/M — N1Σ
Cauchy-Schwarz (equality case) — Hodge index theorem
(C0(S1)/M, ‖ · ‖∞) Continuous translation invariant (N1BPF,∗, ‖·‖BPF,∗)
degree 1 valuations
Functions on S1 ∩Q endowed (w-N1, weak topo.)
with the topology of pointwise —
convergence
Mixed volumes of convex bodies Nef intersections
In the previous table, continuous translation invariant valuations are natural functionals on
the space of convex bodies that are compatible under scissors congruence (see §5.3 for a proper
definition). It was realized in [BF06] that one could reinterpret mixed volumes of convex
bodies with smooth, strictly convex boundary in terms of a convolution operator on a special
category of valuations. Building on various extensions of this operator [Ale06, AF08, AB12,
AB17], Bernig and Faifman [BF16] managed to define the convolution of continuous valuations
which only requires a transversality condition on their associated wavefront sets (the latter sets
measure the singularities of these valuations).
In view of these results, it is natural to ask whether a more general intersection theory of
numerical divisor b-classes of N•BPF,∗(X ) exists at least under some transversality conditions yet
to be determined.

Let us discuss some of the restrictions of our approach. As in our companion paper [DF20],
we suppose K to be countable, and of characteristic 0. Although we do not believe the count-
ability assumption to be essential, it turns out to be useful since it implies w-Nk(X ) to be
locally sequentially compact, and all Banach spaces mentioned above are then separable. The
assumption on the characteristic is more serious: we use it for the existence of smooth models
and for the uniform generation of multiplier ideals which eventually relies on Kodaira vanishing
theorem. We expect though that our results extend verbatim to positive characteristics with
multiplier ideals being replaced by test ideals as in [GJKM19].
It is very tempting to extend our results to compact Kähler manifolds. In this case, the
natural objects to consider are projective limits of Dolbeault cohomology spaces Hk,kR (X
′) where
µ : X ′ → X ranges over all bimeromorphic proper holomorphic maps. Observe that one obtains
a space which is in general much bigger than w-Nk(X ) even when X is projective as one needs
to deal with potentially transcendental classes.
The notion of volume and the Zariski decomposition of big (1, 1)-cohomological classes
(which in the projective case play important roles in our approach) have been defined by
Boucksom [Bou04] and further characterized by DiNezza-Floris-Trapani [DNFT17] (see also
[Nak04, DDNL19, Tos19]). Even so, we face a serious obstacle in extending our results since the
differentiability of volume function is not known for arbitrary Kähler manifolds. This property
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is equivalent to the so-called transcendental Morse inequalities (that we call Siu’s inequalities
here) by an argument of Xiao, see also [WN19, Appendix A]. Much progress have been made
recently towards the proof of these inequalities (see [Xia15, Tos16, Pop16, Chi16, Pop17]) but
they remain open in general. Note that the duality between the movable curves and pseudo-
effective classes is also very much related to these problems, and is not known except in the
projective case (see [WN19]).
It would be interesting to investigate analogs of Theorem 1 for a class α ∈ BPFk(X )
with k ≥ 2. The work of Dinh and Sibony [DS04b] on the regularization of positive closed
currents suggests that one might expect the existence of a sequence α±n ∈ c-BPFk(X ) such that
α = limn(α
+
n − α−n ), and supn(α±n · ωd−k) ≤ C (α · ωd−k) for some universal C > 0.
One might also want to generalize Theorem 3 and try to solve the equation (αk ·ωd−k−1) = θ
where ω ∈ Nef(X ) and θ ∈ BPFd−1(X ) are fixed and α lie in an appropriate subspace of numeri-
cal divisor b-classes. This would be analogous to solving mixed Monge-Ampere equations in the
complex domain (see [DK14, LN15, BZ20] and the references therein for recent developments
on this problem).
Finally one can look at relative situations whereX is a (non-necessarily Noetherian) scheme,
Z is a proper subscheme of X, and consider all proper morphisms X ′ → X that are isomor-
phisms over X \ Z. A case of interest arises when X is a flat projective scheme over spec(K◦)
where K◦ is the ring of integers of a complete non-Archimedean metrized field. Then Theo-
rem 1 follows from the so-called continuity of envelopes, a key problem in the development of
non-Archimedean pluripotential theory. We refer to [BFJ16, BJ18, GJKM19] for a detailed
discussion of this important problem.
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1 Basics on b-classes
In this section, we review briefly some notions on b-classes following the discussion in [DF20],
see also [BFJ08a, BFJ08b, KM13]. We fix a smooth projective variety X of dimension d defined
over a countable field K of characteristic 0.
1.1 Numerical classes of cycles
Let Zk(X) be the R-vector space freely generated by irreducible subvarieties of pure codi-
mension k in X. Given any two cycles α, β of complementary dimension in X, we denote by
(α · β) ∈ R their algebraic intersection number as defined in [Ful98].
The numerical space of cycles of codimension k, denoted Nk(X) is defined as the quotient
of Zk(X) by the vector space of cycles z such that (α · z) = 0 for all cycle α of dimension k. It
is a finite dimensional R-vector space, and the pairing Nk(X)× Nd−k(X)→ R is perfect.
The space N1(X) is the tensor product of the Neron-Severi group of X with R. Intersection
products of k divisors define numerical cycles of codimension k but these classes do not span
Nk(X) in general.
A class in Nk(X) is called pseudo-effective, if it belongs to the closure of the convex cone
spanned by effective cycles. When α ∈ Nk(X) is pseudo-effective, we write α ≥ 0. The
set of pseudo-effective classes forms a closed salient convex cone Psefk(X) inside Nk(X) with
non-empty interior.
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A class lying in the interior of the cone of pseudo-effective classes in N1(X) is said to be
big. An ample class ω is big. A class α ∈ N1(X) is big iff one can find  > 0 such that α ≥ ω.
A class α ∈ N1(X) is nef if its intersection with any pseudo-effective curve class is non-
negative. The nef cone Nef(X) is the interior of the cone or real ample classes. A nef class α
is big iff (αd) > 0.
The negativity lemma, see e.g [Fuj11, Lemma 4.16] states that for any birational proper
morphism pi : X → Y and any nef class α ∈ Nef(X), then pi∗(pi∗α) ≥ α.
A class α ∈ Nk(X) with k ≥ 2 is called strongly basepoint free if it is the pushforward
under a flat morphism of relative dimension e of the intersection of k + e ample divisors. The
closure of the cone generated by strongly basepoint free classes is called the basepoint free cone
of codimension k. We denote it by BPFk(X).
A class α ∈ Nk(X) is big iff one can find  > 0 such that α ≥ ωk for some ample class ω.
1.2 Weil and Cartier numerical b-classes
A model over X is a projective birational morphism pi : X ′ → X from a smooth projective
variety X ′. The category MX of all models over X is a poset for which X ′ ≥ X ′′ iff the
canonical map X ′ 99K X ′′ is a morphism. When X ′ ≥ X ′′ we say that X ′ dominates X ′′. The
poset MX is inductive in the sense that any two models are simultaneously dominated by a
third one. The projective limit over the inductive system defined byMX , each endowed with
the Zariski topology is a quasi-compact topological space that we denote by X .
A Weil numerical b-class α of codimension k is a map which assigns to any smooth model
X ′ ∈ MX a numerical class αX′ ∈ Nk(X ′), such that pi∗(αX′) = αX′′ for any pair of smooth
models X ′ ≥ X ′′ with pi = (pi′′)−1 ◦ pi′. The class αX′ is called the incarnation of α in X ′.
A Cartier b-class is a numerical b-class α for which one can find a model X ′′ such that
αX′ = pi
∗(αX′′) for any model X ′ ≥ X ′′. When it is the case, we say that α is determined in
X ′′. Conversely for any class α ∈ Nk(X ′), we let [α] be the Cartier b-class determined by α in
X ′.
The space of Weil numerical b-classes is an infinite dimensional real vector space, which we
denote by w-Nk(X ). It contains the set of Cartier numerical b-classes c-Nk(X ) as a sub-space,
and for each smooth model X ′ the map α 7→ [α] induces an injective linear map Nk(X ′) →
c-Nk(X ).
The space w-Nk(X ) is metrizable, separable and locally compact topological vector space.
when endowed with its natural product topology. In this topology, a sequence αn ∈ w-Nk(X )
converges to β ∈ w-Nk(X ) iff for any smooth model X ′ we have (αn)X′ → βX′ in Nk(X ′). Since
for any α ∈ w-Nk(X ) the sequence of Cartier b-classes [αX′ ] converges to α, the space c-Nk(X )
is dense in w-Nk(X ).
Pick α ∈ c-Nk(X ) and β ∈ w-Nl(X ). Suppose α is determined in a model X0. For any
other smooth model X ′ ≥ X0, we set (α · β)X′ := αX′ · βX′ ∈ Nk+l(X ′). By the projection
formula, pi∗(α · β)X′′ = (α · β)X′ for any smooth model X ′′ ≥ X ′ so that we may define the
class α · β ∈ w-Nk+l(X ) as the unique Weil numerical b-class whose incarnation in any smooth
model dominating X0 is equal to (α · β)X′ .
1.3 Positive cones of b-numerical classes
A class α ∈ w-Nk(X ) is said to be pseudo-effective (and we write α ≥ 0) when αX′ ≥ 0 for
any model X ′. Note that the pseudo-effectivity is only preserved by push-forward, and not
by pull-back, so that it may happen that a Cartier b-class determined by a pseudo-effective
class in a smooth model X is not pseudo-effective in w-Nk(X ). However a Cartier numerical
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b-class α ∈ c-N1(X ) is pseudo-effective iff its incarnation in one (or all) of its determination on
a smooth model is pseudo-effective.
The notion of base-point free b-classes is defined as follows. We let c-BPFk(X ) be the convex
cone in c-Nk(X ) generated by Cartier numerical b-classes [α] with α ∈ BPF(X ′) for some model
X ′. Since BPF classes are stable by pull-back, a class α ∈ c-Nk(X ) is BPF iff it is BPF in one
(or any) of its determination.
Definition 1. The cone BPFk(X ) is the (weak) closure in w-Nk(X ) of the cone c-BPFk(X ).
When k = 1, we write Nef(X ) = BPF1(X ), and c-Nef(X ) = c-BPF1(X ).
In other words, a class α ∈ w-Nk(X ) is BPF iff there exists a sequence of classes αn ∈
c-BPFk(X ) such that (αn)X′ → αX′ for all model X ′, see [DF20, Lemma 1.2].
1.4 The Banach spaces NkBPF(X ),NkBPF,∗(X ) and N1Σ(X )
For any class α ∈ c-Nk(X ), we define:
‖α‖BPF := infα=α+−α−
α±∈BPFk(X )
(α+ · ωd−k) + (α− · ωd−k),
‖α‖BPF,∗ := sup
γ∈c-BPFd−k(X )
(ωk·γ)=1
|(α · γ)|, (3)
and when α ∈ c-N1(X ), we set:
‖α‖Σ,ω := sup
γ∈c-BPFd−2(X )
(γ·ω2)=1
(
2(α · ω · γ)2 − (α2 · γ))1/2 . (4)
We showed in [DF20, §2–3] that all these functions induced norms on c-Nk(X ) and c-N1(X )
respectively.
One defines the spaces NkBPF(X ),NkBPF,∗(X ) as the completions of c-Nk(X ) with respect to
the norm ‖·‖BPF and to the norm ‖·‖BPF,∗ respectively. The space N1Σ(X ) is also obtained as
the completion of c-N1(X ) with respect to the norm ‖·‖Σ,ω.
It was proved in [DF20, Theorem 3.3], that N1Σ(X ) is a vector subspace of w-N1(X ) which
does not depend on ω. We also proved that the intersection product on c-N1(X)× c-N1(X )→
c-N2(X ) extended to a continuous symmetric bilinear map N1Σ(X )× N1Σ(X )→ N2BPF,∗(X ).
In [DF20, Proposition 2.10 and Theorem 3.16], we obtained the following continuous injec-
tions:
NkBPF(X ) ↪→ NkBPF,∗(X ) ↪→ w-Nk(X ),
N1BPF(X ) ↪→ N1Σ(X ) ↪→ w-N1(X ).
(5)
2 Approximation of nef b-divisor classes
2.1 Decreasing approximation
Let us recall our approximation result from the introduction.
Theorem 5. Let α ∈ Nef(X ) be any nef class. Then there exists a sequence of nef Cartier
b-divisor classes αn ∈ c-Nef(X ) decreasing to α.
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Proof. Call approximable any nef class satisfying the conclusion of the theorem. Since the base
fieldK is countable, the set of models is also countable and we may find by induction a sequence
of models Xn such that Xn+1 dominates Xn for all n, and any model X ′ of X is dominated by
some Xn. By a diagonal extraction argument, any decreasing sequence of approximable classes
thus remains approximable. Since any class α is the decreasing limit of α + 1
n
ω for any ample
class ω, one is reduced to prove that any big nef class is approximable.
Let us first fix a big Cartier b-divisor class β ∈ c-N1(X ). Recall the definition of its nef
envelope P (β) from [BdFF12]). Consider the set D(β) of classes γ ∈ c-Nef(X )Q such that
γ ≤ β. By [BFJ09, Lemma 2.6] (see also [KM13, Lemma 3.4]), for any γ1, γ2 ∈ D(β) one
can find a third element γ3 ∈ D(β) such that γ3 ≥ γ1 and γ3 ≥ γ2. For any model X ′ over
X, we may define P (β)X′ as the least upper bound of the set {γX′ ∈ N1(X ′), γ ∈ D(β)}
(see [BFJ09, Lemma 2.7]), and the collection of classes {P (β)X′} defines a nef b-divisor class
(the nef envelope of β) such that for any γ ∈ c-Nef(X ) satisfying γ ≤ β, we have γ ≤ P (β).
Lemma 2. For any γ ∈ Nef(X ) such that γ ≤ β, then we have γ ≤ P (β).
The nef envelope is characterized as the least nef class satisfying this property. Note that
the nef envelope coincides with the positive product intersection 〈β〉 of [BFJ09, §2.2].
Proof. Suppose β ≥ γ ∈ Nef(X ), and β is determined in X ′. Then βX′ ≥ γX′ and there exists a
sequence γn ∈ c-Nef(X ) such that γn → γX′ . Since βX′ is big, we have γn,X′ ≤ (1+)βX′ for any
 > 0 and for n > N large enough. We infer from the negativity lemma γn ≤ [γn,X′ ] ≤ (1 + )β
hence γn ≤ (1 + )P (β) for n > N. We conclude by letting first n→∞ and then → 0.
Proposition 3. For any big class α ∈ c-N1(X ), there exists a non-increasing sequence of
Cartier b-divisor classes βn ∈ c-Nef(X ) decreasing to P (α). Moreover, for any  > 0 we have
P (α) ≤ βn ≤ (1 + )P (α) for all n sufficiently large.
Grant this proposition and pick now any big class α ∈ Nef(X ). Since α is big, we have
α ≥ ω for some ample class ω hence [αX′ ] is big for any model X ′. It follows from the previous
proposition that P ([αX′ ]) is approximable.
Recall the definition of the sequence of models Xn from the beginning of the proof. Observe
that α ≤ [αXn+1 ] ≤ [αXn ] by the negativity Lemma so that
[αXn ]≥P ([αXn ]) ≥ P
(
[αXn+1 ]
) Lemma 2≥ α.
This concludes the proof.
Proof. Without loss of generality, we may suppose that α = [c1(L)] for some big line bundle
L→ X. For each n let An be the base locus of the linear system H0(X,L⊗n). Then A• := {An}
forms a graded sequence of ideal sheaves in the sense that An · Am ⊂ An+m for all n,m.
For each integer m, let Jm be the multiplier ideal sheaf of the graded sequence Am• ,
see [Laz04, p.152] for a definition. Fix any very ample line bundle A on X such that KX + (d+
1)A is effective. By [Laz04, Corollary 11.2.13], the sheaf
OX(KX + (d+ 1)A+mL)⊗ Jm
is globally generated so that we may find a nef divisor Dm on a log-resolution Xm of the sheaf
of ideals Jm such that
OXm(KX + (d+ 1)A+mL)⊗ Jm = OXm(Dm)
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If βm denotes the nef Cartier b-divisor class determined by Dm in Xm, then the incarnation of
βm in X is less effective than KX + (d+ 1)A+mL, hence
1
m
βm ≤ P
(
α +
[KX + (d+ 1)A]
m
)
≤ P ((1 + )α)
for any fixed  > 0, and any m large enough and this gives the required upper bound.
Conversely, if B is an ideal sheaf on X, we let [B] be the effective Cartier b-divisor class
which is determined in a log-resolution X ′ of B by the divisor D such that OX′(−D) = B ·OX′ .
Note that by definition we have −[B] ≤ −[B′] when B ⊂ B′, and [B ·B′] = [B] + [B′].
By the sub-additivity of multiplier ideals [Laz04, Theorem 11.2.3], we have Jn+m ⊂ Jm ·Jn,
hence−[Jn+m] ≤ −[Jm]−[Jn] and the sequence− 12m [J2m ] is decreasing. Now we have Am ⊂ Jm
by [Laz04, Theorem 11.1.19], so that for all m ≥ n, we have
1
2n
β2n ≥ 1
2m
β2m =
1
2m
[KX + (d+ 1)A] + α− 1
2m
[J2m ] ≥ α− 1
2m
[A2m ] .
By [KM13, Proposition 3.2], we have α − 1
2m
[A2m ] → P (α) and we get the lower bound by
letting m→∞.
2.2 Application of the approximation theorem
Our next result is an analog of [BFJ08b, Proposition 2.2], [BFJ16, Theorem 5.11], [BJ18,
Theorem 5.19], [GM19, Theorem 1.3], and [BBG20, Lemme 4.24].
Corollary 4. We have
c-N1(X ) ∩ Nef(X ) = c-Nef(X ).
In other words any Cartier numerical b-divisor class lying in the weak closure of nef classes is
determined by a nef class in some model.
Remark 5. The previous statement is unclear in higher codimension.
Proof. Pick any α ∈ c-N1(X ) ∩ Nef(X ). Without loss of generality, we may suppose that α is
determined in X. By adding a small real ample class to X, we may suppose that αX = c1(L)
for some big line bundle L → X. Since α is nef, we have P (α) = α. Redoing the proof of
Proposition 3, we find a sequence of elements 1
2m
β2m =
1
2m
[KX + (d + 1)A] + α − 12m [J2m ] ∈
c-Nef(X ) which converges weakly to α. This implies − 1
2m
[J2m ] to tend to 0 weakly. Since
− 1
2m
[J2m ] ≤ 0 is decreasing, we get J2m = 0 for all m, and β2m is thus a nef class determined
in X. This implies αX to be nef as required.
3 Intersection of nef b-divisor classes
3.1 Definition
Proposition-Definition 3.1. Let α1, · · · , αk be any family of nef b-divisor classes, and pick
γ ∈ BPFl(X ). Then there exists a unique class ∆ ∈ BPFk+l(X ) satisfying the following
properties.
1. For any nef Cartier b-divisor classes βi ≥ αi, we have
∆ ≤ (β1 · β2 · . . . · βk · γ) . (6)
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2. For any sequences of nef Cartier b-divisor classes α(n)1 , · · · , α(n)k decreasing to α1, · · · , αk,
we have
(α
(n)
1 · α(n)2 · . . . · α(n)k · γ) ↓ ∆.
We denote by (α1 · α2 · . . . · αk · γ) := ∆ the unique class determined by the previous
proposition. This intersection product was defined in [BFJ09, §2] following the construction in
the complex setting of positive intersection products introduced by Boucksom in [Bou02, §3.2],
see also [BDPP13]. It bears a strong analogy with the definition of wedge products of currents
ddcui in complex geometry.
Proof of Proposition-Definition 3.1. First note that there exists at most one class which satisfies
both properties.
By Theorem 1 one can find sequences of nef Cartier b-divisor classes β(n)i ↓ αi. Since γ is
BPF, we have
(β
(n)
1 · β(n)2 · . . . · β(n)k · γ) ≥ (β(n+1)1 · β(n)1 · . . . · β(n)k · γ) ≥ (β(n+1)1 · β(n+1)1 · . . . · β(n+1)k · γ)
hence the sequence (β(n)1 · β(n)2 · . . . · β(n)k · γ) is decreasing. Let ∆ be its (weak) limit.
To prove (6), take any nef Cartier b-divisor classes βi ≥ αi. Choose a model X ′ in which all
classes β1, · · · , βk are determined. Fix any big and nef Cartier b-divisor class ω determined in
X, and C > 0 such that βi ≤ Cω for all i. Pick any  > 0. We have (α(n)i )X′ → αi,X′ in N1(X ′)
hence (α(n)i )X′ ≤ αi,X′ + ω ≤ (βi)X′ + ω for all n large enough, hence α(n)i ≤ βi + ω by the
negativity lemma. This proves
∆ ≤ (α(n)1 · α(n)2 · . . . · α(n)k · γ) ≤ (β1 · β2 · . . . · βk · γ) + kCk−1(ωk · γ)
and we conclude by letting → 0.
Theorem 6. 1. The intersection product of nef classes coincides with the usual intersection
when all classes are Cartier. It is non-negative, symmetric, multilinear, and increasing
in each variable.
2. The intersection product of nef classes is upper-semicontinuous: if α(n)i → αi in the weak
topology, then we have
lim sup
n
(
α
(n)
1 · . . . · α(n)k · γ
)
≤ (α1 · . . . · αk · γ) .
3. The intersection product of nef classes is continuous along decreasing sequences: if α(n)i
is decreasing to αi, then
lim
n
(
α
(n)
1 · . . . · α(n)k · γ
)
= (α1 · . . . · αk · γ)
in Nk+lBPF,∗(X ).
4. The intersection product of nef classes is continuous in the ‖·‖BPF,∗-norm. In other words,
if
∥∥∥α(n)i − αi∥∥∥
BPF,∗
→ 0, then we have
lim
n
(
α
(n)
1 · . . . · α(n)k · γ
)
= (α1 · . . . · αk · γ)
in Nk+lBPF,∗(X ).
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Example 7. The above intersection product is not continuous with respect to the weak topology.
Take X = P2 and a general line L and choose a sequence of point pn ∈ P2 converging to the
generic point (i.e. for any curve C, the set {n, pn ∈ C} is finite). For each n, consider the
blow-up pin : Xn → P2 at pn, and let αn be the nef Cartier class attached to pi∗n(c1(O(1)))− [En]
where En is the exceptional divisor of pin. Then the sequence αn converges weakly to the Cartier
class attached to c1(O(1)) as n→ +∞, but α2n = 0 whereas c1(O(1))2 = 1.
Proof. Compatibility with the intersection of Cartier b-divisor classes is obvious from the def-
inition. The symmetry and multilinearity follows from the corresponding properties for the
intersection product of divisors. The fact that is it is increasing is a consequence of the obser-
vation that (α′1 · α2 · . . . · αk · γ) ≥ (α1 · α2 · . . . · αk · γ) as soon as α′1 ≥ α1. These arguments
prove (1).
We fix a class ω ∈ Nef(X ) determined by a big and nef class in X. We now prove (2).
Suppose α(n)i → αi weakly. By a suitable extraction we may suppose that (α(n)1 · . . . · α(n)k · γ)
converges weakly to a class ∆. Let β(m)i be sequences of nef Cartier b-divisor classes decreasing
to αi. Fix m large, and choose a model X ′ in which β
(m)
i are all determined in it. Since
(α
(n)
i )X′ → (αi)X′ in N1(X ′) we have (α(n)i )X′ ≤ (β(m)i )X′ + ω for an arbitrary small  > 0 and
all n large enough, hence α(n)i ≤ β(m)i + ω by the negativity lemma. We infer(
α
(n)
1 · . . . · α(n)k · γ
)
≤
(
β
(m)
1 · . . . · β(m)k · γ
)
+ kCk−1(ωk · γ)
where C > 0 is a fixed constant such that β(1)i ≤ Cω for all i. We now let successively n→∞,
→ 0, and then m→∞, and we conclude ∆ ≤ (α1 · . . . · αk · γ) as required.
Now suppose that α(n)i is a sequence of nef b-divisor class (not necessarily Cartier) decreasing
to αi. We claim that there exists a constant C > 0 such that for any  > 0 one has
(α1 · . . . · αk · γ) ≤
(
α
(n)
1 · . . . · α(n)k · γ
)
≤ (α1 · . . . · αk · γ) + kCk−1(ωk · γ)
for all n large enough. Indeed, the first inequality is a consequence of the fact that the intersec-
tion product is increasing in each variable, and the second inequality follows from the previous
proof. These estimates imply the convergence
(
α
(n)
1 · . . . · α(n)k · γ
)
→ (α1 · . . . · αk · γ) to hold
in Nk+lBPF,∗(X ) which proves (3).
Finally we observe that if α and α′ are two nef classes such that ‖α− α′‖BPF,∗ ≤ , then
−ω ≤ (α− α′) ≤ ω, see [DF20, Proposition 2.14] so that (4) follows from (3).
Siu’s inequalities [Dan20, Proposition 3.4.6] yield
Corollary 8. There exists a constant C > 0 such that for any classes α1, · · · , αk, β ∈ Nef(X )
with (βd) > 0 and any γ ∈ BPFl(X ) we have
(α1 · . . . · αk · γ) ≤ C (α1 · . . . · αk · γ · β
d−k−l)
(βd)
βk+l .
We obtain a "numerical" or cohomological version of the Chern-Levine-Nirenberg inequali-
ties ([CLN69] and [Dem97, (3.3)]).
Corollary 9. There exists a constant C > 0 such that for any α1, . . . , αk ∈ Nef(X ) and for
any γ ∈ BPFd−k(X ), we have:
0 6 (α1 · . . . · αk · γ) 6 C ‖α1‖BPF · . . . · ‖αk‖BPF ‖γ‖BPF .
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3.2 Diskant inequalities and applications
Theorem 10. Pick any two classes α, β ∈ Nef(X ) such that (αd) = (βd) > 0. Let s > 0 be the
largest positive number such that α− sβ ≥ 0. Then we have:
(αd−1 · β) dd−1 − (αd)(βd) 1d−1 ≥
(
(αd−1 · β) 1d−1 − s(βd) 1d−1
)d
. (7)
Proof. Pick any two sequences αn, βn ∈ c-Nef(X ) decreasing to α and β respectively. Fix any
 > 0. Let sn > 0 be the largest positive number such that αn − snβn ≥ 0. Observe that
(αdn) ≥ (αd) > 0 and (βdn) ≥ (βd) > 0 so that αn and βn are big. By [BFJ09, Theorem F], we
have
(αd−1n · βn)
d
d−1 − (αdn)(βdn)
1
d−1 ≥
(
(αd−1n · βn)
1
d−1 − sn(βdn)
1
d−1
)d
.
In other words, sn ≥ τn where
τn =
1
(βdn)
1
d−1
(αd−1n · βn)
1
d−1 − 1
(βdn)
1
d−1
(
(αd−1n · βn)
d
d−1 − (αdn)(βdn)
1
d−1
) 1
d
.
By Theorem 6 (3), we have
lim
n→∞
τn = τ :=
1
(βd)
1
d−1
(αd−1 · β) 1d−1 − 1
(βd)
1
d−1
(
(αd−1 · β) dd−1 − (αd)(βd) 1d−1
) 1
d
,
and we obtain α− τβ ≥ 0 as required.
Corollary 11. For any class α ∈ Nef(X ) such that (αd) > 0 and for any  > 0, there exists a
class α′ ∈ c-Nef(X ) such that (1− )α′ ≤ α ≤ α′.
Proof. Choose any decreasing sequence of nef Cartier classes αn → α. Diskant inequalities
yield α ≥ snαn with
sn :=
1
(αdn)
1
d−1
(αd−1 · αn) 1d−1 − 1
(αdn)
1
d−1
(
(αd−1 · αn) dd−1 − (αd)(αdn)
1
d−1
) 1
d
.
Since (αdn)→ (αd), and (αd−1 · αn)→ (αd) we infer sn → 1 which concludes the proof.
The approximation of big nef b-divisors allows one to obtain better continuity properties of
the intersection product.
Corollary 12. For any α1, · · · , αk ∈ Nef(X ), the map
γ ∈ BPFl(X ) 7→ (α1 · α2 · . . . · αk · γ) ∈ BPFk+l(X )
is weakly continuous.
Proof. When αi are Cartier, the result is clear. By multilinearity and by replacing αi by αi+ω,
we may suppose that (αdi ) > 0 for all i. Pick any  > 0. By the previous corollary, one can find
α′i ∈ c-Nef(X ) such that (1− )α′i ≤ αi ≤ α′i. It follows that
0 ≤ (α′1 · . . . · α′k · γ)− (α1 · . . . · αk · γ) ≤ ((1− )−k − 1)(α1 · . . . · αk · γ)
≤ C(ωk · γ) .
Suppose γn → γ weakly in BPFl(X ). Then
lim inf
n
(α1 · . . . · αk · γn) ≥ lim inf
n
(α′1 · . . . · α′k · γn)− C(ωk · γn)
= (α′1 · . . . · α′k · γ)− C(ωk · γ) ≥ (α1 · . . . · αk · γ)− C(ωk · γ),
which implies lim infn(α1 · . . . · αk · γn) ≥ (α1 · . . . · αk · γ).
We conclude using Theorem 6 (1).
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Corollary 13. The following inclusion holds:
Nef(X ) ⊂ N1Σ(X ).
In particular, the above inclusion yields the following continuous injection
(Vect(Nef(X )), ‖·‖BPF) ↪→ N1Σ(X ).
Remark 14. Statement (3) and Corollary 13 imply that the intersection of two nef classes (α ·β)
is compatible with the intersection of classes in N1Σ(X ) defined in [DF20, §3].
Proof. Let α be any nef class. Since any Cartier class belongs to N1Σ(X ) and adding ω if
necessary, we may assume that (αd) > 0. By Corollary 11, for each n, one can take a nef
Cartier class αn such that (1 + 1n)
−1αn ≤ α ≤ αn. Using Corollary 9, we infer:
‖αn − α‖2Σ,ω = sup
γ∈c-BPFd−2(X )
(γ·ω2)=1
2((αn − α) · ω · γ)2 − ((αn − α)2 · γ)
≤ sup
γ∈c-BPFd−2(X )
(γ·ω2)=1
2
n2
(α · ω · γ)2 + 2
n
(α2 · γ) ≤ C
n
for some constant C > 0. The triangular inequality then shows that (αn) is a Cauchy sequence
which implies the inclusion Nef(X ) ⊂ N1Σ(X ). By linearity, we get Vect(Nef(X )) ⊂ N1Σ(X ) and
the continuity follows from the fact that ‖α‖BPF = (α · ωd−1) for all α ∈ Nef(X ) (see [DF20,
Proof of Proposition 2.4]).
3.3 Variations on the Hodge index theorem
Theorem 6. Any two nef classes α, β such that α · β = 0 are proportional.
Proof. In view of Remark 14, the statement is a direct consequence of the version of Hodge
index theorem holding in N1Σ(X ), see [DF20, Theorem 3.13].
Proposition 15. For any two nef classes α, β, the sequence ek := (αk · βd−k) is log-concave.
Moreover if α or β are nef and big, and the sequence (log ek)k is affine then α and β are
proportional.
Proof. Write α and β as decreasing limits of a sequence of nef Cartier classes αn ↓ α and βn ↓ β.
By Khovanskii-Teissier inequalities, the sequence (αkn · βd−kn ) is log-concave which implies by
Theorem 6 the log-concavity of the sequence ek = (αk · βd−k) by letting n→∞.
Suppose now that α and β are big and nef, and that the sequence ek is linear. Scale
both classes such that (αd) = (βd) = 1 so that (αd−1 · β) = 1 too. Then α = β by Diskant
inequalities.
Recall that given any two classes θ, θ′ ∈ N1Σ(X ) the pairing α ·β belongs to N2BPF,∗(X ) which
is included in Nd−2BPF,∗(X )∗ by [DF20, Proposition 2.10] so that for any class γ ∈ BPFd−2(X ),
the pairing θ · θ′ · γ ∈ R is well-defined.
Proposition 16. Let γ ∈ BPFd−2(X ), and α ∈ Nef(X ). Suppose that α · γ 6= 0, and that there
exists a sequence γn ∈ c-BPFd−2(X ) decreasing to γ.
Then the quadratic form
qγ(θ) :=
(
θ2 · γ)
is semi-negative on the hyperplane Hα := {θ ∈ N1Σ(X ), (θ ·α·γ) = 0}. In particular ker(qγ|Hα) =
{θ ∈ Hα, qγ(θ) = 0}.
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Remark 17. We believe the assumption on the existence of a sequence of Cartier BPF classes
approximating γ to be superfluous. Note that it is satisfied when γ is a linear combination of
intersections of nef classes.
Proof. Observe that the last statement is a consequence of Cauchy-Schwarz inequality. Let us
prove that q is semi-negative on Hα.
Pick any decreasing sequence αn ∈ c-Nef(X ) converging to α. Pick any sequence of models
Xn+1 ≥ Xn such that for each n, the classes γn and αn are determined in Xn. By perturbing
slightly γn, we may assume it is represented by a surface Σ in Xn. We may also assume that
γn ≤ ωd−2 for some fixed ample class ω in X. Note that
0 < c := (ω · α · γ) ≤ (ω · αn · γn) ≤ C := (ω · α1 · γ1) .
Pick any class θ ∈ N1Σ(X ) such that (θ ·α ·γ) = 0. Take any sequence of Cartier classes θ(j) → θ
in N1Σ(X ). By [DF20, Theorem 3.16], we have (θ(j) · β) → (θ · β) in N2BPF,∗(X ) for any class
β ∈ Nef(X ).
Fix  > 0, and take n large enough such that |(θ · αn · γn)| ≤ . For all j  1, we have
|(θ(j) · αn · γn)| ≤ 2. Set θ˜j = θ(j) − ηjω so that (θ˜j · αn · γn) = 0, and observe that
0 ≤ |ηj| := |(θ
(j) · αn · γn)|
(ω · αn · γn) ≤ 2c
−1 .
By the Hodge index theorem, we get(
θ˜2j · γn
)
=
(
θ˜2j |Σ
)
≤ 0 .
Since the sequence ηj is bounded, we may extract a subsequence converging to some 0 < η ≤
2c−1 and letting j →∞, we obtain (
(θ − ηω)2 · γ) ≤ 0
We conclude by letting first n→∞ and then → 0.
Following [DS04a, Corollary 3.5], we obtain
Theorem 18. Pick any class 0 6= γ ∈ BPFk(X ) such that there exists a sequence γn ∈
c-BPFk(X ) decreasing to γ.
If θ, θ′ ∈ N1Σ(X ) satisfy (θ2 · γ) ≥ 0, ((θ′)2 · γ) ≥ 0, and (θ · θ′ · γ) = 0, then there exist
(a, a′) 6= (0) such that (aθ + a′θ′) · γ = 0.
Remark 19. Note that the conditions (θ2 · γ) ≥ 0, ((θ′)2 · γ) ≥ 0 are automatically satisfied
when θ, θ′ ∈ Nef(X ).
Proof. We may suppose that θ · γ 6= 0, θ′ · γ 6= 0.
We claim that
θ2 · γ = (θ′)2 · γ = 0 .
To see this pick any class β ∈ c-BPFd−k−2(X ) such that the curve classes θ · γ · β and θ′ · γ · β
are both non zero. Observe that
qγ(aθ + a
′θ′) :=
(
(aθ + a′θ′)2 · γ · β) = a2 (θ2 · γ · β)+ (a′)2 ((θ′)2 · γ · β) ≥ 0 .
Pick any big and nef class α ∈ c-Nef(X ) such that (θ · γ · β · α) 6= 0, and (θ′ · γ · β · α) 6= 0.
By Proposition 16, we have qγ ≤ 0 on the hyperplane H := (γ · β · α)⊥. One can thus find a
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non-zero element aθ + a′θ′ ∈ H with a, a′ 6= 0 such that qγ(aθ + a′θ′) = 0, and it follows that
(θ2 · γ · β) = ((θ′)2 · γ · β) = 0. Since β is arbitrary, the claim is proved.
Pick any class β ∈ c-BPFd−k−2(X ) such that both curve classes θ · Ω and θ′ · Ω are non
zero with Ω = β · γ. By adding a small multiple of ωk to γn and ωd−k−2 to β, we may assume
that the surface class Ωn := γn · β is determined in some model by a surface Σn which is the
image under a flat map of a complete intersection ample divisor as in [DF20, §3.4]. We may
also inforce that θ · Ω · ω 6= 0.
Choose any tn such that (θ2n · Ωn) = 0 with θn = θ + tnω. Observe that
0 =
(
θ2n · Ωn
)
=
(
θ2 · Ωn
)
+ 2tn (ω · θ · Ωn) + t2n
(
ω2 · Ωn
)
.
=
(
θ2 · Ωn − Ω
)
+ 2tn (ω · θ · Ωn) + t2n
(
ω2 · Ωn
)
.
Since (ω2 · Ωn) is uniformly bounded from below by (ω2 · γ · β), and (θ2 · Ωn) ∼ (θ2 · Ω) = 0,
such a constant tn exists and we may choose tn → 0 as n→∞.
Now pick another big and nef class ω′ such that ω · Ω and ω′ · Ω are not proportional,
normalized by (ω · Ω · θ) = (ω′ · Ω · θ) 6= 0. Choose rn, r′n such that
0 = (θ′n · θn · Ωn) (8)
0 = ((θ′n)
2 · Ωn) (9)
with θ′n = θ′ + rnω + r′nω′.
Lemma 20. One can find constants rn, r′n satisfying (8) and (9) converging to zero as n→∞.
From θ2n ·Σn = (θ′n)2 ·Σn = θn · θ′n ·Σn = 0 we infer that θn ·Σn and θ′n ·Σn are proportional
by the usual Hodge index theorem. Letting n→∞ proves that θ · γ ·β = c(β) θ′ · γ ·β for some
c(β) > 0.
We claim that the proportionality constant c(β) is in fact independent on β so that θ · γ =
c θ′ · γ for some c > 0 as required.
To prove our claim we suppose first that β = ω1 ·ω2 · . . . ·ωd−k−2, and β′ = ω′1 ·ω2 · . . . ·ωd−k−2
for some big and nef classes ω′1, ω1, . . . , ωd−k−2. Then
c(β) (θ′ · γ · β · ω′1) = (θ · γ · β · ω′1) = (θ · γ · β′ · ω1) = c(β′) (θ′ · γ · β · ω′1)
hence c(ω) = c(ω′) in this case. Since flat push-forwards of complete intersection classes
of ample divisors generate c-Nef(X ), we get the result (compare with the proof of [DF20,
Theorem 3.13]).
Proof of Lemma 20. Write r = rn and r′ = r′n. Note that (8) implies r′ = n − κnr with
n = − (θ
′ · θn · Ωn)
(ω′ · θn · Ωn) → 0
and
κn =
(ω · θn · Ωn)
(ω′ · θn · Ωn) → 1.
Replacing r′ into (9), we obtain the following second degree equation:
r2
[
(ω2 · Ωˆn) + κ2n((ω′)2 · Ωˆn)− 2κn(ω · ω′ · Ωˆn)
]
+ 2r
[
(ω · θ′ · Ωˆn) + n(ω · ω′ · Ωˆn)− κn(ω′ · θ′ · Ωˆn)
]
+
[
((θ′)2 · Ωˆn) + 2n((ω′)2 · Ωˆn) + 2n(ω′ · θ′ · Ωˆn)
]
= 0
with Ωˆn = θn · Ωn. Since the constant term tends to 0 and the leading term is bounded away
from 0 by Hodge index theorem (using that ω · Ω and ω′ · Ω are not proportional), we may
choose a solution rn → 0, and this forces r′n → 0.
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4 Minkowski’s problem and applications
In all this section, we fix a big and nef class ω ∈ c-Nef(X ) so that (ωd) > 0.
4.1 Solving α 7→ αd−1
Theorem 7. The map γ 7→ γd−1 induces a bijection from the space of classes γ ∈ Nef(X ) such
that γ ≥ cω for some c > 0 onto the space of classes α ∈ BPFd−1(X ) such that α ≥ c′ωd−1 for
some c′ > 0.
Remark 21. As we will show in Section 5, the map α 7→ αd−1 is not injective on Nef(X ), and
not surjective from Nef(X ) onto BPFd−1(X ). It is unclear how to describe the image of this
map except in the toric case, see §5.11 below.
Remark 22. The map α 7→ αd−1 is continuous for the ‖·‖BPF,∗-norm (hence for the ‖·‖Σ,ω-norm
too) and along decreasing limits. It is not continuous in the weak topology (pull-back Example 7
by a map C × P2 → P2 where C is any projective curve).
Problem 1. Find an example of a projective variety X of dimension d and of a big class
γ ∈ c-BPFd−1(X ) such that the unique nef numerical b-class α ∈ Nef(X ) solving αd−1 = γ is
not Cartier.
Remark 23. It is not difficult to find a nef class α that is not Cartier and such that αd−1 = 0
(e.g. using toric geometry, see again §5 below). The problem above is the analog of [BFJ15,
Remark 8.8].
Proof. Let us prove that M(α) := αd−1 is injective on the cone of big and nef classes. Recall
that by Corollary 8, a nef class α satisfies α ≥ cω for some c > 0 iff (αd) > 0.
If α and β are two nef classes such that αd−1 = βd−1, then (αd) = (α ·βd−1), and (αd−1 ·β) =
(βd). By the log-concavity of the sequence k 7→ log(αk · βd−k) we obtain 0 < (αd) = (βd) =
(αk · βd−k) for all k. This implies α and β to be equal by Proposition 15.
We now prove the surjectivity. Fix any class γ ∈ BPFd−1(X ) such that γ ≥ cωd−1 for some
c > 0. We follow the classical variationnal method to solve a Monge-Ampère equation. Let
K := {α ∈ Nef(X ) | (α · γ) = 1}. Note that K is compact for the weak topology of w-N1(X )
by [DF20, Proposition 2.13], as K ⊂ {α ∈ Nef(X ), (α · ωd−1) ≤ c−1}. Since the function
α 7→ (αd) is upper-semicontinuous by Theorem 6 (2), there exists a class α? ∈ K such that
(αd?) = supK(α
d).
Observe that (αd?) > 0. Pick any Cartier class β ∈ c-N1(X ). For t small enough, the class
α? + tβ is pseudo-effective by Siu’s inequality. Consider the nef envelope P (α? + tβ) as defined
on p.9.
Pick any big and nef class ω′ ∈ c-Nef(X ) such that α? ≤ ω′, and ω′ ± β are both nef (any
sufficiently large ample class in a model in which β is determined does the job). By [BFJ09,
Corollary 3.4], we have
P (α? + tβ)
d ≥ (αd?) + dt
(
α(d−1)? · β
)− Ct2
for some C > 0. Observe now that
αt :=
P (α? + tβ)
(P (α? + tβ) · γ) ∈ K
which implies
(αd?) ≥
P (α? + tβ)
d
(P (α? + tβ) · γ)d ≥
(αd?) + dt
(
α
(d−1)
? · β
)
− Ct2
((α? + tβ) · γ)d
≥ (αd?) + dt
(
α(d−1)? · β
)− dt(β · γ)(αd?) +O(t2)
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hence
(
α
(d−1)
? · β
)
≤ (β · γ)(αd?). Since this is true for ±β we infer
(
α
(d−1)
? · β
)
= (β · γ)(αd?).
Rescaling α?, we find a nef class such that (αd−1) = γ as required.
4.2 Proof of Theorem 4
Recall that we aim at proving the inclusions
N1BPF(X ) ⊂ Vect(Nef(X )) ⊂ N1Σ(X ) ⊂ N1BPF,∗(X ) ⊂ w-N1(X ).
The first and last inclusions hold by definition, see [DF20, §2]. The second inclusion is Corol-
lary 13. It thus remains to prove the continuous inclusion N1Σ(X ) ⊂ N1BPF,∗(X ). This fact
follows from the next theorem of independent interest.
Theorem 24. For any α ∈ c-N1(X ), and for any γ ∈ BPFd−1(X ), we have
|(α · γ)| ≤ 5(γ · ωd−1) ‖α‖Σ,ω (10)
Let αn ∈ c-N1(X ) be any Cauchy sequence for the norm ‖·‖Σ,ω. Then (10) implies that αn
is a Cauchy sequence for ‖·‖BPF,∗, proving the continuous injection N1Σ(X ) ⊂ N1BPF,∗(X ).
Proof. Pick any γ ∈ BPFd−1(X ). By Theorem 3, for any t > 0 we may find a class δt ∈ Nef(X )
such that γ+tωd−1 = (δd−1t ). Let s = (δ
d−2
t ·ω2). We now estimate using [DF20, Theorem 3.11]:∣∣(α · (γ + tωd−1)∣∣2 = ∣∣α · δd−1t ∣∣2
≤ 9qω, 1
s
δd−2t
αqω, 1
s
δd−2t
(sδt)
≤ 18((γ + tωd−1) · ω)2 ‖α− β‖2Σ,ω ,
and we conclude by letting t→ 0.
Corollary 25. For any α, β ∈ N1Σ(X ), the maps
γ ∈ BPFk 7→ α · β · γ ∈ BPFk+2 and γ ∈ BPFk 7→ α · γ ∈ BPFk+1
are weakly continuous.
Proof. When α is Cartier, γ 7→ α · γ is weakly continuous by definition. The general case
follows from (10) since a convergence αn → α in ‖·‖Σ,ω-norm implies the uniform convergence
αn · γ → α · γ on the compact set of classes γ ∈ BPFd−1(X ) satifying (ω · γ) = 1.
The fact that γ 7→ α · β · γ is continuous follows from the same token and [DF20, Theo-
rem 3.16].
4.3 Approximation of classes in BPFd−1(X )
The resolution of the operator α 7→ αd−1 yields interesting consequences for the structure of
BPFd−1(X ).
Corollary 26. For any α ∈ BPFd−1(X ) there exists a sequence of classes αn ∈ c-BPFd−1(X )
which is decreasing to α.
Proof. By Theorem 3, for any  > 0 one can find a nef class β ∈ Nef(X ) such that (β)d−1 =
α + ωd−1. By Theorem 1, the class β is a decreasing limit of Cartier nef classes, so that
α + ωd−1 is also a decreasing limit of classes αn, ∈ c-BPFd−1(X ). The result follows by a
diagonal extraction argument.
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Recall from the definition of the space N1Σ(X ) [DF20, §3.2] that the continuous dual of the
Banach space N1Σ(X ) is characterized as follows:
N1Σ(X )∗ =
{
α ∈ w-Nd−1(X ), ∃C > 0, |(α · β)| ≤ C ‖β‖Σ,ω for all β ∈ c-N1(X )
}
.
Note that (10) holds for any class α ∈ N1Σ(X ) by density which implies:
Corollary 27. We have
BPFd−1(X ) ⊂ N1Σ(X )∗. (11)
4.4 Relationship with Lehmann-Xiao’s decomposition
In this section we indicate how to relate our Theorem 3 to the results of Lehmann and
Xiao [LX16]. Let us review briefly their construction.
Let α be any big class in Nd−1(X ′) for some model X ′ so that α ≥ cωd−1 for some c > 0.
Then [LX16, Theorem 1.3] states the existence of a unique class LX(α) ∈ Nef(X ′) such that
α ≥ LX(α)d−1 and LX(α) · (α− LX(α)d−1) = 0 .
Our next result relies on the extension to b-classes of the functional v̂ol introduced in [Xia17].
For any effective class α ∈ Vect(BPFd−1(X )), we set
v̂ol(α) :=
 inf
β∈Nef(X )
(βd)>0
(α · β)
(βd)1/d

d/d−1
∈ R+ . (12)
Theorem 28. For any big curve class α ∈ BPFd−1(X ), the family of Cartier b-divisor classes
[LX(αX′)] converges weakly to β which is the unique nef b-divisor class satisfying α = (βd−1).
In other words, for any γ ∈ c-Nd−1(X ) and for any  > 0, there exists a model X ′ such that
for any model X ′′ ≥ X ′ we have
|([LX(αX′)] · γ)− (β · γ)| ≤  .
Proof. Suppose now that α ∈ BPFd−1(X ) is big. By Theorem 3, one can write α = γd−1 for
some big curve class γ ∈ Nef(X ). We claim that γ is the unique minimizer computing v̂ol(α).
Pick any class β ∈ Nef(X ) such that (βd) > 0, and normalize it by (β · ωd−1) = +1. By the
proof of Theorem 3, the class γ/(α · γ) is the unique class in {β′ ∈ Nef(X ), (β′ · ωd−1) = +1}
maximizing (β ′d). It follows that
(βd) ≤ (γ
d)
(α · γ)d = (γ
d)1−d
hence by Proposition 15, we get
(α · β)
(βd)1/d
=
(γd−1 · β)
(βd)1/d
≥ (γd)(d−1)/d = (α · γ)
(γd)1/d
which proves the claim.
For any model X ′, observe that by the negativity lemma
v̂ol([αX′ ]) =
 inf
β∈Nef(X )
(βd)>0
([αX′ ] · β)
(βd)1/d

d/d−1
=
 inf
β∈Nef(X )
(βd)>0
(α · [βX′ ])
(βd)1/d

d/d−1
≥
 inf
β∈Nef(X′)
(βd)>0
(α · β)
(βd)1/d

d/d−1
= v̂ol(α) .
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Lemma 29. For any  > 0, there exists a model X ′ such that for any X ′′ ≥ X ′ we have
v̂ol([αX′′ ]) ≤ v̂ol(α) + .
Fix any model X ′ as in the lemma. Since αX′ is big, it follows from [LX16, Theorem 1.3]
that LX(αX′) is the unique minimizer for v̂ol([αX′ ]). From the previous lemma, and the relation
(αX′ − LX(αX′)d−1) · LX(αX′) = 0, we get∣∣(γd)− (LX(αX′)d)∣∣ = ∣∣∣v̂ol(α)− v̂ol([αX′′ ])∣∣∣ ≤  (13)
| (γd−1 · LX(αX′))− (LX(αX′)d) | = | (α · LX(αX′))− (LX(αX′)d) | = 0 . (14)
We conclude using (7).
Proof of Lemma 29. Pick any sequence γn ∈ c-Nef(X ) decreasing to γ. By Theorem 6 (3), we
have
lim
n→∞
(
(α · γn)
(γdn)
1/d
)d/d−1
= v̂ol(α) .
Choose n large enough such that(
(α · γn)
(γdn)
1/d
)d/d−1
≤ v̂ol(α) +  .
Then in any model X ′′ dominating a model in which γn is determined, we get v̂ol([αX′′ ]) ≤
v̂ol(α) + .
Remark 30. Suppose that αn → α ≥ ωd−1. Then we can write αn = γd−1n and α = γd−1 for
some γn, γ ∈ Nef(X ). If v̂ol(γn)→ v̂ol(γ), then it is possible to show that γn → γ. It would be
interesting to find more general criteria ensuring the convergence γn → γ.
We conclude this section by relating the big curve b-classes with the positivity of the func-
tional v̂ol. The following result is a natural generalization of [LX16, Theorem 5.2] to b-classes.
Observe that in codimension 1, this characterization is equivalent to Siu’s inequalities.
Theorem 31. Pick any curve b-numerical class α ∈ BPFd−1(X ), and let ω be any big nef
Cartier b-divisor class. Then the following are equivalent:
1. v̂ol(α) > 0;
2. α is big in the sense that α ≥ tωd−1 for some t > 0.
Proof. The implication (2) ⇒ (1) is easy since v̂ol is increasing. Suppose conversely that
v̂ol(α) > 0. Pick  > 0 and write α = α + ωd−1. We apply [LX16, Theorem 5.29] to the
big class (α)X′ and the movable class ωd−1. Write B := LX([(α)X′ ]) ∈ Nef(X ′) so that
(Bd) = v̂ol((α)X′). We obtain
[(α)X′ ] ≥ ωd−1 v̂ol([(α)X′ ])
d(B · ωd−1)
By Khovanskii-Teissier, we get (B · ωd−1) ≤ (Bd−1·ω)d−1
(Bd)d−2 hence
[(α)X′ ] ≥ ωd−1 (B
d)d−1
d(Bd−1 · ω)d−1
(14)
≥ ωd−1 v̂ol(α)
d−1
d(α · ω)d−1
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since Bd−1 = LX([(α)X′ ])d−1 ≤ (α)X′ . Since [(α)X′ ] converges weakly to (α), we first obtain
α ≥ ωd−1 v̂ol(α)
d−1
d(α · ω)d−1 ≥ ω
d−1 v̂ol(α)
d−1
d(α · ω)d−1 .
Letting → 0, we get α ≥ ωd−1 v̂ol(α)d−1
d(α·ω)d−1 which concludes the proof.
Remark 32. Suppose α ∈ BPFd−1(X) satisfies v̂ol(α) > 0, and write α = βd−1 for some
β ∈ Nef(X ). By [LX19, Theorem 1.8], for any model X ′ ≥ X we may find a movable divisor
class θX′ ∈ N1(X ′) whose positive intersection product is equal to α. It would be interesting
to prove that the sequence θX′ is converging weakly towards β.
5 The toric case
In this section, we discuss some of our constructions in the particular setting of toric varieties.
The space of b-divisors in the toric setting has been previously studied in [FW12, Bot19].
We fix a free abelian group N of rank d, and let M be its dual lattice. We denote by
NR = N ⊗R , NQ = N ⊗Q, MR = M ⊗R , MQ = M ⊗Q the respective real or rational vector
spaces of dimension d. We let e1, · · · , ed be a set of generators of N , and let 〈·, ·〉 be the scalar
product for which {ei} forms an orthonormal basis.
Consider Sd−1 the unit sphere in NR bounding the unit ball B = Bd = B(0, 1). The notation
Sd−1N refers to the subset of S
d−1 consisting of those vectors v of the unit sphere such that
Vect(v) contains a point in NQ.
The scalar product 〈·, ·〉 induces a Riemannian metric on Sd−1 and a volume form which we
denote by Leb. We may also define the gradient ∇h of any smooth function h : Sd−1 → R and
we denote by ∆ the spherical Laplace operator so that∫
Sd−1
h1∆h2 d(Leb) = −
∫
Sd−1
〈∇h1,∇h2〉 d(Leb),
when h1 and h2 are smooth. The operator ∇ is the second Beltrami operator, see [Sch14,
Formulas 2.56 and 5.56]. Note that ∇(h+m) = (∇h) +m for any m ∈ N∗.
5.1 Convex bodies
We recall some material from convex geometry. A convex body in MR is a compact and convex
set of MR. The support function hK of a convex body K ⊂MR is defined by
hK(x) = sup
y∈K
〈x, y〉
It is a homogeneous convex function on NR, so that hS(x) = ‖x‖ :=
√〈x, x〉, and hK ≤ hL iff
K ⊂ L. Conversely given any homogeneous convex function h : NR → R we set K(h) := {y ∈
MR, 〈·, y〉 ≤ h}. This is a convex body in MR and the associations K 7→ hK and h 7→ K(h) are
inverses of each other, see [Sch14, Theorem 1.7.1].
We have hsK+L = shK + hL for any two convex bodies K and L and for any s ≥ 0, where
sK denotes the scaling of K by the dilatation of factor s, and K + L is the Minkowski’s sum
K + L = {x+ x′, x ∈ K, x′ ∈ L}. It follows that hK − hL is linear iff K is a translate of L.
Observe that 0 ∈ K iff hK ≥ 0.
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Proposition 33. There exists a constant C > 0 depending only on the dimension d such that
for any convex body K 3 0 with non-empty interior we have
C Diam(K) ≤
∫
Sd−1
hK d(Leb) ≤ sup
Sd−1
hK ≤ Diam(K)
Proof. The second inequality is obvious. The third inequality follows from K ⊂ B(0,Diam(K))
which implies hK(x) ≤ Diam(K) ‖x‖. To prove the first inequality, pick any point y0 ∈ K
maximizing the distance to the origin. Observe that 2‖y0‖ ≥ Diam(K). On the dome S ⊂ Sd−1
defined by the inequality 〈·, y0〉 ≥ 12‖y0‖, we have hK(x) ≥ 〈x, y0〉 ≥ 12‖y0‖ hence∫
S
hKd(Leb) ≥
∫
S
hKd(Leb) ≥ 1
2
‖y0‖ vol(S) ≥ C Diam(K)
This concludes the proof.
Let K be the set of all convex bodies in MR endowed with the Hausdorff distance
dH(K,K
′) = sup{r | K ⊂ K ′ +B(0, r) and K ′ ⊂ K +B(0, r) up to a translation}.
For any R > 0 the space {K ∈ K, K ⊂ B(0, R)} is compact for dH .
Proposition 34. We have
dH(K,L) = sup
Sd−1
|hK − hL|
for any two convex bodies K and L.
Proof. Pick any r > dH(K,L). Then hK ≤ hL + r‖ · ‖, and hL ≤ hK + r‖ · ‖ which implies
dH(K,L) ≥ supSd−1 |hK − hL|. Conversely if supSd−1 |hK − hL| ≤ r, then hK ≤ hL + r‖ · ‖ =
hL+B(0,r) hence K ⊂ L+B(0, r), and we conclude dH(K,L) ≤ r.
5.2 Mixed volumes and convex geometry
Let K1, · · · , Kd ∈ K. Then the map
λ ∈ Rd+ 7→ vol(λ1K1 + · · ·+ λdKd)
is a homogeneous polynomial of total degree d and we define the mixed volume vol(K1, · · · , Kd)
as the coefficient of this polynomial in the monomial λ1 · · ·λd. Mixed volume defines a functional
vol : Kd → R+ which satisfies the following properties:
1. it is symmetric, and translation invariant;
2. vol(K1 +K2, L2, · · · , Ld) = vol(K1, L2, · · · , Ld) + vol(K2, L2, · · · , Ld);
3. vol(K, · · · , K) = vol(K).
To simplify notation we write vol(K[l], L[d− l]) for the mixed volumes of K taken l times and
L taken d− l times so that the last condition reads vol(K[d]) = vol(K). It follows from [Sch14,
(5.62)] that
vol(K,L,Bd[d− 2]) = 1
d(d− 1)
∫
Sd−1
((d− 1)× hKhL − 〈∇hK ,∇hL〉) d(Leb). (15)
Let K be any polytope. The surface area measure S(K) is the positive atomic measure on
Sd−1 ⊂ NR equal to
∑
vol(Fv) δv where v ranges over the unit normals of the facets Fv of K.
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By computing the area of the projection of the boundary of K on any hyperplane one infers
that
∑
v vol(Fv) = 0.
If K is an arbitrary convex body with non-empty interior, then S(K) is defined as the limit
S(Kn) → S(K) for any sequence of polytopes Kn converging in the Hausdorff metric to K.
The measure S(K) is balanced in the sense that ∫ x dS(x) = 0. The surface area measure of
Bd is LebSd−1 the Lebesgue measure on S
d−1. It follows from [Sch14, Formula 5.19] that
vol(K[d− 1], L) =
∫
Sd−1
hL dS(K) (16)
for any K,L ∈ K.
5.3 Polytope algebra and valuations
We consider the following variation of McMullen’s polytope algebra [McM89]. Let Π be the
quotient of the free R-algebra generated by the symbols [P ] for all convex polytopes P in MR
whose vertices lie in MQ modulo the relations
[P + x] = [P ] for all x ∈MR
[P ∩Q] + [P ∪Q] = [P ] + [Q] whenever P ∪Q ∈ K
The neutral element is 0 = [∅]. Multiplication is given by [P ] · [Q] = [P + Q] and the unit is
1 = [{0}].
The polytope algebra admits a grading Π =
⊕d
k=0 Πk such that Πk · Πl ⊂ Πk+l. The k-th
graded piece Πk is the R-vector space spanned by all elements of the form (log[P ])k, where
log[P ] :=
∑d
r=1
(−1)r+1
r
([P ]−1)r and P runs over all rational polytopes. The top-degree part Πd
is one-dimensional, and the multiplication law induces non-degenerate pairings Πj×Πd−j → Πd.
Given any α ∈ Π, we write αk for its homogeneous part of degree k.
There is a canonical linear map vol : Π→ R defined by vol([P ]) = vol(P ). This map is zero
on all pieces Πk for k ≤ d− 1, and induces an isomorphism vol : Πd '−→R.
Let P be the set of polytopes having vertices in NQ. A (real-valued) valuation is a homo-
morphism φ : Π → R, or equivalently a function φ : P → R which is translation invariant and
satisfies φ(K ∪ L) + φ(K ∩ L) = φ(K) + φ(L) as soon as K ∪ L ∈ P . Any valuation defines a
linear form on Π and conversely the restriction of any linear form on Π is a valuation so that
the space of valuations is isomorphic to Π∗. Any continuous translation invariant valuation φ
can be decomposed in a unique way as a sum φ = φ0 + φ1 + · · ·+ φd where φi is homogeneous
of degree i in the sense that φi(λK) = λiφ(K). We denote by Vali the set of homogeneous
valuations of degree i.
A valuation is said to be continuous when it is continuous with respect to the Hausdorff
metric. It extends in a canonical way to a function from K to R. The norm of a continuous
valuation is defined as:
‖φ‖ = sup
K⊂Bd
|φ(K)|. (17)
The space of continuous translation invariant valuations ⊕di=0 Vali, endowed with the above
norm is a graded Banach space.
For any L1, · · · , Lk ∈ K, the mixed volume functional φL(K) = vol(K[d − k], L1, · · · , Lk)
is a continuous translation invariant valuation of degree d − k, and a deep result due to
Alesker [Ale00] shows that linear combinations of mixed volume functionals are dense in the
space of continuous translation invariant valuations.
It is a theorem of Schneider (see e.g [Sch14, Theorem 4.2.1]) that the surface area measure
P 7→ S(P ) defined in the previous section induces a continuous translation-invariant valuation
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with values in the space of positive measures on the sphere Sd−1. In particular for any con-
tinuous homogeneous function h : NR → R the functional vh(K) =
∫
h dS(K) is a continuous
translation-invariant valuation on the space of convex bodies. The converse statement is due
to Hadwiger and McMullen, see [McM80]. It reads as follows.
Theorem 35. For any continuous translation invariant valuation v of degree d−1, there exists
a continuous function f : Sd−1 → R such that:
v(K) =
∫
Sd−1
fdS(K)
for any convex body K. Moreover, the function f is uniquely determined up to adding a linear
function.
5.4 Toric numerical b-classes
We recall the description of numerical b-classes in toric varieties following the discussion of [FW12].
Denote by D the set of complete regular simplicial fans in N . It forms an inductive set for the
partial order relation given by inclusion.
Any ∆ ∈ D gives rise to a proper smooth toric variety X(∆) ([Oda88, §1.4]). Denote by
∆(i) the set of cones of ∆ of dimension i. There a canonical bijection σ ∈ ∆(i) 7→ V (σ)
between ∆(i) and codimension i subvarieties of X(∆) that are invariant by the torus action.
In particular torus-invariant hypersurfaces correspond to ∆(1) that is to rays in ∆.
A function h : N → R is piecewise linear with respect to a fan ∆ ∈ D if its restriction to
any cone of ∆ is linear. We denote by PL(∆) the space of all piecewise linear functions with
respect to ∆: this is a finite dimensional real vector space of dimension the cardinality of ∆(1).
We define the R-vector spaces:
c-N(tor) = lim−→
∆∈D
N(X(∆));
w-N(tor) = lim←−
∆∈D
N(X(∆)).
Note that c-N(tor) is a graded algebra, and that we have a natural perfect pairing c-N(tor)×
w-N(tor)→ R.
It follows from [FS97, Theorem 4.2] (see also [Bri97]) that there exists a canonical isomor-
phism of graded algebra Θ: ΠQ → c-N(tor)Q that we now describe. Pick any rational polytope
P ∈ K. Its support function hK is then piecewise linear and hK ∈ PL(∆) where ∆ ∈ D is any
regular fan which refines the normal fan of P ([Ful93]).
Define the line bundle
LK = OX(∆)
 ∑
σ∈∆(1)
hK(nσ)V (σ)

where nσ is the non-zero vector in N ∩ σ of minimal length. Note that the references [Oda88,
Ful98] adopt a minus sign in the previous definition.
We set Θ(K) to be the Cartier class determined in N(X(∆)) by
Θ(K) := exp(c1(LK)) =
d∑
k=0
1
k!
c1(LK)
k.
We extend Θ by linearity.
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Since c-N(tor) and w-N(tor) are dual one to the other, we have a canonical isomorphism
Θ∗ : w-N(tor) → Π∗. Observe that by construction for any class α ∈ w-N(tor) and for any
polytope K, we have
Θ∗(α)(K) = (α · exp(c1(LK))) (18)
We let c-BPFk(tor) be the set of BPF Cartier b-numerical classes, i.e. the union BPFk(X(∆))
over all complete regular fans ∆. We denote by BPFk(tor) the weak closure of c-BPFk(tor)
inside w-Nk(tor): it is a closed convex cone. When k = 1 we write Nef(tor) = BPF1(tor).
Finally a class α ∈ w-N(tor) is said to be psef if all its incarnations in any model X(∆) is psef.
We propose two conjectures.
Conjecture 2. A class α ∈ w-Nk(tor) is psef iff Θ∗(α)(K) ≥ 0 for any polytope K.
Conjecture 3. A class α ∈ w-Nk(tor) belongs to BPFk(tor) iff it is equal to a valuation of the
form:
K 7→ vol(K1, . . . , Kk, K[d− k])
for some convex bodies K1, . . . , Kk.
5.5 Toric numerical codimension 1 b-classes
Any real-valued homogeneous function h : N → R determines a translation-invariant valuation
vh of degree d− 1 on polytopes, namely for any rational polytope K in MR, we consider
vh(K) =
∫
h dS(K).
The function vh is a well-defined valuation since the surface area measure has finite support
on polytopes and is a valuation. We thus obtain a linear map h 7→ [h] from the space of
homogeneous functions on N to w-N1(tor). Its kernel is the space of linear maps so that we get
an isomorphism between homogeneous functions on N modulo N∗ with w-N1(tor), see [Bot19,
Lemma 2.9].
Proposition 36. For any α ∈ w-N1(tor), the following are equivalent.
1. α is psef;
2. there exists a homogeneous function h : N → R such that [h] = α and h ≥ 0;
3. Θ∗(α)(K) ≥ 0 for any polytope K.
Proof. The implication (1) ⇒ (3) follows from the fact that c1(LK) is nef. Let us show that
(3) ⇒ (1). Fix any complete regular fan ∆, and let α∆ be the incarnation of α in X(∆). Let
γ be any strongly movable class γ in Nd−1(X(∆)). By [FL17a, Example 5.11], γ is nef, hence
defines a non-negative Minkowski’s weight wγ on the set of rays ∆(1). We interpret wγ as a
balanced measure on Sd−1. Adding a small multiple of a complete intersection class, we may
suppose that the support of wγ spans NR. By Minkowski’s theorem, one can find a polytope
K such that S(K) is equal to wγ. By construction, rays of the normal fan ∆K are included in
∆(1), and c1(LK) is a Cartier class determined in a smooth projective toric model X(∆K) by
[Pay06, Proposition 3]. It follows from [FS97, Proposition 3.1 (a)] that
(α∆ · γ) =
∑
σ∈∆(1)
h(nσ)wγ(σ) =
∑
σ∈∆K(1)
h(nσ)wγ(σ)
=
(
α∆K · c1(LK)d−1
)
=
(
α · c1(LK)d−1
)
= Θ∗(α)(K) ≥ 0
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hence α∆ is psef by [BDPP13, Theorem 0.2].
Observe that (2) ⇒ (1) is easy, since the divisor associated to a function h ≥ 0 is effective
in each model. It remains to prove (1) ⇒ (2). Pick any α ∈ w-N1(tor), and suppose that
it is psef. Let h : N → R be any homogeneous function such that [h] = α. Since the set of
complete regular fans is countable, we may find a sequence of increasing fans ∆n such that for
any complete regular fan ∆ there exists n such that ∆n is a refinement of ∆. Without loss of
generality we may suppose that ∆n(1) 3 {±e1, · · · ,±ed} for all n.
For each n, consider the set Kn of linear forms g ∈ N∗R such that h+ g ≥ 0 on ∆n(1). Since
α is psef, Kn is non empty by [Oda88, Proposition 2.1]. It is closed, and we have g(ei) ≥ −h(ei)
and g(−ei) ≥ −h(−ei) for all i so that Kn is compact. Since ∆n(1) ⊂ ∆n+1(1), Kn forms a
decreasing sequence of compact subsets. The intersection
⋂
n ∆n(1) is thus non empty, and any
element g in this intersection satisfies g + h ≥ 0 on N as required.
The next result is essentially contained in [Bot19, Theorem 3.10].
Proposition 37. For any α ∈ w-N1(tor), the following are equivalent:
1. α is nef;
2. there exists a continuous, convex and homogeneous function h : N → R such that [h] = α;
3. Θ∗(α)(K) = vol(K ′, K[d− 1]) for some convex body K ′.
In particular, any nef class induces a continuous translation invariant valuation.
Proof. Recall that for any complete regular fan a class α ∈ N1(X(∆)) is nef iff any piecewise
linear function h ∈ PL(∆) such that [h] = α is convex, see [Oda88, Corollary 2.14].
Now pick any nef class α ∈ w-N1(tor), and choose a sequence αn ∈ Nef ∩ c-N1(tor) such
that αn → α. For each n, we pick a convex piecewise linear function hn such that [hn] = αn.
Since nef classes are effective, we may assume that hn ≥ 0 for each n. Choose some polytopes
Kn containing 0 such that hKn = hn. By Proposition 33, hn is uniformly bounded on Sd−1, the
sequence of polytopes Kn is bounded and we can extract a subsequence converging to a convex
bodyK ′. As a result, the sequence of function hn converges uniformly to the continuous, convex
function hK′ . Since α = [hK′ ], we get (1)⇒ (2).
The implication (2) ⇒ (3) is direct: if K ′ denotes the dual convex body of h, then
Θ∗([h])(K) = vh(K) = vol(K ′, K[d− 1]) by (16).
To see (3)⇒ (1), pick any sequence of polytopes K ′n converging in the Hausdorff topology
to K ′. Then the class c1(LK′n) induces the valuation K 7→ vol(K ′n, K[d−1]) hence c1(LK′n)→ α.
Since c1(LK′n) is ample, α is nef.
5.6 Toric numerical dimension 1 b-classes
Pick any curve class α ∈ c-Nd−1(tor) which is determined in a model X(∆) for some regular
complete fan ∆. Any function h ∈ PL(∆) defines a class [h] ∈ N1(X(∆)), and we can thus
consider the pairing ([h] · α). We get a linear form on PL(∆) which vanishes on N∗, thus α
gives rise to an atomic measure µα on Sd−1 ∩∆(1) which is balanced. Note that∫
hdµα = (α · [h]) (19)
for any h ∈ PL(∆) so that the map α 7→ µα yields an isomorphism between c-BPFd−1(tor) and
the space of positive balanced measures with finite support on Sd−1N . The choice of a big and
nef b-divisor class ω yields a bound on the mass of µα so that
C−1(α · ω) ≤ Mass(µα) ≤ C(α · ω) (20)
26
for some C > 0.
Take any class α ∈ BPFd−1(tor) and pick any weakly converging sequence αn → α with
αn ∈ c-BPFd−1(tor). Since supn(αn · ω) < ∞, we may suppose that µαn converges weakly
to a positive balanced measure µα on Sd−1. This measure does not depend on the choice
of the sequence αn since it satisfies the identity (19). We thus obtain a (weakly continuous)
monomorphism α 7→ µα from the cone BPFd−1(tor) into the space of positive balanced measures
on Sd−1. Let us argue that this homomorphism is also surjective.
First if γ is a nef class with associated convex body Kγ, then α := γd−1 defines a BPF class
of dimension 1 and the valuation Θ∗(α) is given by:
Θ∗(α)(K) := (γd−1 · c1(LK)) = vol(K,Kγ[d− 1]),
for any polytope K, so that µα = S(Kγ). Now take any positive balanced measure µ on Sd−1.
Observe that the measure µ = µ+ LebSd−1 is balanced and its support is not contained in any
hyperplane. By Minkowski’s theorem, there exists a convex bodyK such that vol(K[d−1], ·) =
µ. We thus obtain a sequence of BPF classes α = c1(LK)d−1 such that µα = µ. The mass
of µ is uniformy bounded, so that we can extract a subsequence of the sequence α converging
to a class α ∈ BPFd−1(tor). As a result, we obtain µ = µα for some α.
We have thus proved:
Proposition 38. The space BPFd−1(tor) can be identified with the space of positive, balanced
measures on Sd−1. Under that identification, c-BPFd−1(tor) corresponds to positive, balanced
atomic measures with finite support on Sd−1.
We now obtain the following result which implies that Conjecture 3 holds for curve classes.
Proposition 39. For any class α ∈ BPFd−1(tor), there exists a subspace V ⊂ NR of dimension
l and a convex body L ⊂ V such that
vα(K) = vol (piV (K), L[l − 1])
for any polytope K, where piV denotes the orthogonal projection onto V . Alternatively, we have
vα(K) = C vol (K,BV ⊥ [n− l], L[l − 1]) ,
for some constant C > 0. In particular Conjecture 3 holds for any BPF class of dimension 1.
Proof. Let V be the real vector space spanned by the support of µα. Solving Minkowski’s
problem for the restriction of the measure µα to V , we obtain a convex body with non-empty
interior L in V whose surface area measure (in V ) is equal to µα. the support function of any
polytope K ⊂ NR satisfies hK |V = hpiV (K) and we get
vα(K) =
∫
hKdµ =
∫
hpiV (K)dS(L) = vol(piV (K), L[l − 1]).
The last formula follows from [Sch14, Theorem 5.3.1].
The next result shows that Conjecture 2 also holds for curve classes.
Proposition 40. A class α ∈ w-Nd−1(tor) is psef iff vα(K) ≥ 0 for any polytope K.
Proof. For any complete regular fan ∆, a class α ∈ Nd−1(X(∆)) is psef iff it intersects non-
negatively nef classes. This is exactly saying vα(K) ≥ 0 for all polytopes K whose normal fan
is included in ∆.
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5.7 The space N1BPF,∗(tor)
Proposition 41. There are canonical homeomorphisms between the following Banach spaces:
1. N1BPF,∗(tor) endowed with the dual norm ‖·‖BPF,∗;
2. the space of continuous translation-invariant valuations of degree d− 1 endowed with the
norm ‖ · ‖;
3. the space of continuous functions modulo linear forms endowed with the residual sup norm
on the quotient C0(Sd−1)/N∗R.
Proof. Define the functional | · |d−1 on the space of continuous valuations of degree d− 1 with
values in [0,+∞] by setting
|v|d−1 = sup
{|v(K)|, K ∈ K and vol(Bd, K[d− 1]) ≤ 1} .
Note that ‖v‖ ≤ C|v|d−1 for some C > 0.
By Theorem 35 the map from C0(Sd−1) to the space Vald−1 of continuous valuations of
degree d− 1 defined by
f 7→
{
K 7→ vf (K) :=
∫
Sd−1
fdS(K)
}
induces a linear bijective map from C0(Sd−1)/N∗R to Vald−1. We now observe that
|vf |d−1 = sup{|vf (K)|, K ∈ K, vol(Bd, K[d− 1]) ≤ 1}
Proposition 38
= sup
{∫
Sd−1
fdµ, 0 ≤ µ balanced, Mass(µ) = 1
}
≤ inf
m∈N∗R
sup
Sd−1
|f +m| .
which proves both that | · |d−1 is a norm on Vald−1 and that f 7→ vf is continuous.
Since ‖ · ‖ ≤ C| · |d−1 any Cauchy sequence vn ∈ Vald−1 for the norm | · |d−1 converges in
Vald−1 for ‖·‖, hence (Vald−1, | · |d−1) is a Banach space. Note that Banach theorem then implies
that (Vald−1, | · |d−1) and (Vald−1, ‖ · ‖) are equivalent. The same theorem implies f 7→ vf to be
bi-continuous which proves that the two Banach spaces of items (2) and (3) are equivalent.
We now claim the existence of a constant C > 1 such that for any Cartier b-class α ∈
c-N1(tor), we have
C−1 ‖α‖BPF,∗ ≤ |vα|d−1 ≤ C ‖α‖BPF,∗ .
Recall that ‖α‖BPF,∗ = sup |(α·β)| where the supremum is taken over all classes β ∈ BPFd−1(tor)
such that (β·ω) ≤ 1 (where ω is a fixed big and nef Cartier b-divisor class). We may suppose that
β is big, and using Proposition 39 we can consider a polytope K such that vβ = vol(K[d−1], ·).
As a result (β ·ω) is comparable to vol(Bd, K[d− 1]) so that ‖α‖BPF,∗ and |vα|d−1 (hence ‖vα‖)
are comparable as claimed.
The map α 7→ vα extends to an injective bounded operator from (N1BPF,∗(tor), ‖·‖BPF,∗) to
(Vald−1, ‖ · ‖). Let us argue that this map is surjective. Its range H contains all valuations
induced by piecewise linear functions (with respect to any regular complete fan). By Stone-
Weierstrass theorem, these functions are dense in the sup norm in C0(Sd−1), hence H contains
all continuous valuations by Theorem 35.
We conclude using again Banach theorem that (N1BPF,∗(tor), ‖·‖BPF,∗) and (Vald−1, ‖ · ‖) are
equivalent.
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5.8 The space N1BPF(tor)
We present a characterization of N1BPF(tor) in dimension 2, and give necessary conditions for a
b-class to belong to N1BPF(tor) when d ≥ 3.
Recall that the Hahn decomposition of a signed measure µ is defined as µ = µ+−µ− where
µ± ≥ 0 and µ+(E+) = µ−(E−) = 1 for some disjoint Borel sets E±. The total variation of µ is
by definition the mass of the measure µ+ + µ−, see [Rud87, Chapter 6].
Proposition 42. When d = 2, N1BPF(tor) is Banach equivalent to the space of balanced mea-
sures giving full mass to S1N endowed with the norm induced by the total variation.
Remark 43. A measure giving full mass to S1N is of the form µ =
∑
p∈S1N apδp with
∑ |ap| <∞.
This space of measures is equivalent to the space of convex homogeneous functions h : NR → R
whose spherical laplacian is a measure giving full mass to S1N .
Remark 44. The space Vect(Nef) can be identified with the space of balanced measures on S1
endowed with the norm induced by the total variation. It follows that we have the following
Banach isomorphism in dimension 2:
(C0(S1)/N∗R)∗ '
(
N1BPF,∗(tor)
)∗ ' (Vect(Nef(tor)), ‖·‖BPF) .
It would be interesting to investigate whether the isomorphism Vect(Nef) ' (N1BPF,∗)∗ holds in
a more general setting.
Proof. Take any class α ∈ c-N1(tor). Let hα : NR → R be its associated piecewise linear
function, and µα be its associated signed measure supported on S1N , see Proposition 38. Note
that if we identify S1 with R/Z, then µα is equal to the second derivative h′′α on R.
Let us estimate ‖α‖BPF. Any decomposition α = α1 − α2 with α1 and α2 nef yields a
decomposition µα = µα1 −µα2 . If the Hahn decomposition of µ writes µ = µ+−µ−, then there
exists a positive measure µ such that µα1 = µ+ (µα)+ and µα2 = µ+ (µα)−. Since for any fixed
big and nef class ω, Mass(α±) is equivalent to (α± ·ω) by (20) we get that ‖α‖BPF is equivalent
to total variation of µα.
Observe now that the space of measures {µα} where α ranges over all Cartier b-classes
is the space of balanced signed measures on S1 whose support is finite and included in S1N .
The completion (for the total mass norm!) of this space is the set of balanced signed atomic
measures having atoms only on points in S1N . This implies the result.
A complete characterization of the space N1BPF(tor) in higher dimension is unclear. We
content ourselves to the following statement which gives (strong) constraints on a class which
belongs to N1BPF(tor).
Proposition 45. Any class α ∈ N1BPF(tor) is represented by a continuous homogeneous function
hα : NR → R such that
∫
hα dS(K) = (α · c1(LK)) for any polytope K. Moreover, for any 2-
plane V such that V ∩ N is a lattice, the balanced signed measure µα,V := ∆(hα|V ) has full
measure on the set Sd−1N ∩V .
Proof. The first statement follows from the inclusion N1BPF(tor) ⊂ N1BPF,∗(tor) (see (5)) and
Proposition 41.
Pick any sequence of Cartier b-divisor classes αn such that αn → α in ‖·‖BPF. If hn is the
sequence of functions associated to αn then for each n one can write
hα − hn = gn,+ − gn,− + ln
where ln ∈ N∗R, gn,± are convex, non-negative and supSd−1 gn,± → 0. Restricting this equality
to V , we get that µαn,V converges in mass to µα,V which implies the proposition.
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Example 46. Let H be any hyperplane in NR. Consider the (nef) class αH defined by the
identities (αH · c1(LK)) = volH(piH(K)) for any polytope K. We claim that αH ∈ N1BPF(tor) iff
H ∩N is a lattice in H.
Indeed αH is determined by the function hH := max{0, 〈v, ·〉} where v is any normal to H.
If αH ∈ N1BPF(tor), the previous proposition implies that for any rational 2-plane V the line
H ∩ V contains a point in N which implies that H ∩N is a lattice in H.
Conversely if H ∩ N is a lattice in H, then we may suppose v ∈ N , and we may pick
any polytope ∆ in H with non-empty interior. The sequence of classes c1(L[0,v]+ 1
n
∆) forms a
sequence of Cartier b-divisor classes converging to αH = c1(L[0,v]) in the ‖·‖BPF-norm, hence
αH ∈ N1BPF(tor).
5.9 The space N1Σ(tor)
We present a characterization of N1Σ(tor) in dimension 2, and give necessary conditions for a
b-divisor class to belong to N1Σ(tor) when d ≥ 3.
LetW 1,2(S1) = {f ∈ L2(S1), f ′ ∈ L2}, and recall the continuous Sobolev injectionW 1,2(S1) ⊂
C0(S1) ([Eva10, §5.6.2 Theorem 4]).
Proposition 47. When d = 2, the space N1Σ(tor) is Banach equivalent toW 1,2(S
1)/N∗R endowed
with the quotient norm.
Proof. Fix any Cartier big and nef b-divisor class ω, and pick any pievewise linear function h
such that [h] is a Cartier b-divisor class.
By (15), for any PL functions h1 and h2, we have
([h1] · [h2]) =
∫
h1d(S(h2)) = 1
2
∫
S1
(h1h2 − 〈∇h1,∇h2〉) d(Leb).
so that
‖[h]‖2Σ,ω = 2
(∫
S1
hdµω
)2
+
1
2
(∫
S1
|∇h|2d(Leb)
)
− 1
2
(∫
S1
|h|2d(Leb)
)
,
where µω denotes the surface area measure associated to the class ω. Let us change slightly the
above formula so that one integrates over the Lebesgue measure instead of µω. Let ωn be the
big and nef Cartier b-divisor class associated to a polygon Kn having n vertices such that Kn
converges in the Hausdorff metric to the unit circle. By [DF20, Proposition 3.1], we have
(ω2)(ω2n)
4(ω · ωn)2 ‖α‖
2
Σ,ωn
6 ‖α‖2Σ,ω 6 4
(ω · ωn)2
(ω2)(ω2n)
‖α‖2Σ,ωn .
Since (ω2n) and (ω ·ωn) uniformly bounded from above and away from 0, we may let n→∞ so
that
1
C
6
‖[h]‖2Σ,ω
‖[h]‖2tor
6 C, (21)
for some constant C > 0, where
‖[h]‖2tor := 2
(∫
S1
hd(Leb)
)2
+
1
2
(∫
S1
|∇h|2d(Leb)
)
− 1
2
(∫
S1
|h|2d(Leb)
)
.
It is now convenient to work with circular harmonics. Since h is continuous we may decompose
it in L2 as an infinite series h =
∑
k≥0 hk where hk is a homogeneous harmonic (in two variables)
polynomial of degree k. By [Sch14, Appendix Formula A2], we have ∆S1hk = −k2hk, hence
‖[h]‖2tor = 2h20 +
1
2
∫
(
∑
k
hk)(
∑
k2hk)− 1
2
∫
(
∑
k
hk)
2 =
3
2
h20 +
1
2
∑
k≥2
(k2 − 1)
∫
h2k
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Observe that harmonics of degree 1 disappear in the above formula which is consistent with
‖[h]‖tor = ‖[h + m]‖tor for all m ∈ N∗R. Let us compute the Sobolev norm on the quotient
modulo N∗R:
‖[h]‖2W 1,2 := inf
m∈N∗R
‖h+m‖2W 1,2
= inf
m∈N∗R
∫
(h+m)2 +
∫
|∇(h+m)|2
=
∑
k 6=1
(k2 + 1)
∫
h2k
which shows that:
2
3
6 ‖[h]‖
2
W 1,2
‖[h]‖2tor
6 4. (22)
With (21), we infer that the norm ‖·‖Σ,ω is equivalent to the Sobolev W 1,2-norm on the space
of piecewise linear functions.
We conclude observing that piecewise linear functions are dense in W 1,2(S1). Indeed, any
trigonometric polynomial can be approximated in the C1-norm by piecewise linear maps, and
trigonometric polynomials are dense in W 1,2(S1).
Let ω be any fixed Cartier big and nef b-divisor class and ∆ be any polytope such that
c1(L∆) = ω.
Theorem 48. Any class α ∈ N1Σ(tor) is represented by a 12-Hölder continuous homogeneous
function hα : NR → R such that
∫
hαdS(K) = (α · c1(LK)) for any polytope K.
Proof. Pick any Cartier b-divisor class α such that ‖h‖Σ,ω ≤ 1. We claim that for any 2-plane
V , the function hα|V lies in W 1,2(Sd−1 ∩V ) and its norm satisfies ‖hα|V ‖W 1,2 ≤ C for some
constant C > 0 independent on V and α.
Since any function f ∈ W 1,2([0, 1]) satisfies |f(x)− f(y)| ≤ ‖f ′‖1/2L2 × |x− y|1/2 by Cauchy-
Schwarz, we conclude by density that fα is 1/2-Hölder continuous for any class α ∈ N1Σ.
To prove our claim, pick any 2-plane V containing 0, such that V ∩NQ is a Q-vector space
of dimension 2, and let σ ∈ BPF2(tor) be the b-class whose associated valuation is equal to
vσ(·) = vol(piV (·)). Observe that for any homogeneous convex function h, we have
([h]2 · σ) = vol(piV (Kh)) = vol(Kh|V ) =
1
2
∫
SV
(h|V )2 − |∇(h|V )|2d(LebV ) ,
where SV = Sd−1 ∩V . By bilinearity we get
([h1] · [h2] · σ) = 1
2
∫
SV
(h1|V )(h2|V )− 〈∇(h1|V ),∇(h2|V )〉d(LebV )
for any convex functions h1, h2, hence for any difference of convex functions. We infer that for
any α ∈ N1Σ(tor), we have
1
4
‖[h|V ]‖2W 1,2
(21)&(22)
≤ C(V ) ‖[h|V ]‖2Σ,ω ≤ C(V ) ‖[h]‖2Σ,ω with C(V ) ≤ 4
vol(piV (∆),SV )2
vol(piV (∆)) vol(SV )
.
Since ∆ has non-empty interior and is bounded, C(V ) is uniformly bounded from above by a
constant which is independent of V .
The claim is proved.
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5.10 Summary in codimension 1
The next table summarizes our knowledge on the characterization of various classes of b-divisor
classes in toric varieties.
Valuations Functions mod N∗R d = 2
Mixed volume
c-N1(tor) with an element of Piecewise linear —
McMullen’s polytope algebra
Functions on [0, 1]
N1BPF(tor) — — with f ′′ atomic
supported on Q
Nef(tor) Mixed volume Convex functions
with a convex body on NR —
N1Σ(tor) — ? W
1,2([0, 1])
N1BPF,∗(tor) Continuous valuations Continuous homogeneous functions —
Psef ≥ 0 ≥ 0 —
w-N1(tor) of degree d− 1 Homogeneous functions on N —
Here is a list of examples to justify the strict inclusions mentioned in the introduction, see (2).
Example 49 (A class in N1BPF not in c-N
1). Take any sequence of rational polytopes Kn whose
diameter satisfy the following condition:
Diam(Kn) 6
1
2n
,
for all n. Consider the function fn =
∑n
i=1 hKi . Since the convex body
∑n
i=1Ki is a rational
polytope, the function fn defines a Cartier class αn ∈ c-N1(tor). We check that (αn) defines a
Cauchy sequence in N1BPF(tor). The difference fn− fm for n > m is the support function of the
convex body:
n∑
i=m
Ki,
whose diameter is bounded by 1/2m−1. Since αn−αm is nef, its norm ‖αn − αm‖BPF is controlled
by the diameter of its associated convex body, which converges uniformly to zero. Since Kn is
arbitrary, we can choose the directions induced by the vertices of Kn to be dense in the unit
sphere as n→ +∞. This gives a sequence αn converging to α ∈ N1BPF(tor) but the limit is not
Cartier because the normal fan of αn increases as n grows.
Example 50 (A class in Vect(Nef) not in N1BPF). Smooth convex homogeneous functions and
valuations of the form v(K) = vol(piV (K)) where V is not defined over N define nef classes
which do not lie in N1BPF, see Example 46.
Example 51 (A class in N1Σ not in Vect(Nef)). In dimension 2, a class α? associated to a function
in W 1,2([0, 1]) which is not a difference of two convex functions does the job (take the primitive
of any L2 function which is not of bounded variation). By [DF20, Proposition 5.3], the pull-
back by a dominant morphism of any class in N1Σ remains in N1Σ. We may thus choose a linear
projection from NR to a 2 dimensional space V defined over N and pull-back the class α?. We
obtain a class α′? ∈ N1Σ(tor), such that the restriction to V of its associated function is not a
difference of two convex functions. By Proposition 45, we have α′? /∈ Vect(Nef).
Example 52 (A class in N1BPF,∗ not in N1Σ). Any class associated to a continuous function h on
Sd−1, whose homogeneous extension is not W 1,2 in NR, e.g. any continuous function which is
not 1/2-Hölder.
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Example 53 (A psef class not in N1BPF,∗). The universal anticanonical class is psef. It corresponds
to the function sending a non-zero vector n ∈ N to the unique integer k ≥ 1 such that n = kn0
where n0 is primitive. This function is not continuous, hence does not define a class in N1BPF,∗
by Proposition 41.
5.11 The operator α 7→ αd−1
Recall that if γ is a nef Cartier b-divisor class associated to a polytope K, then γd−1 is a class
corresponding to the surface area measure S(K). Note that the map K 7→ S(K) is continuous
with respect to the Hausdorff metric. The latter metric corresponds to the ‖·‖BPF,∗-norm by
Proposition 41, which is consistent with Theorem 6 (4).
Pick any class α ∈ BPFd−1(tor) associated to a positive balanced measure µ on Sd−1. Then
solving the equation γd−1 = α with γ nef is equivalent to solving the Minkowski’s problem of
finding a convex body K such that S(K) = µ, see the discussion in [LX17, §.6]. When α is
a big Cartier b-divisor class, then µ is atomic, supported on Sd−1N , and its support spans NR,
therefore K can be chosen as a polytope by Minkowski’s theorem [Sch14, Theorem 8.2.1]. This
shows that γ is Cartier too, see [LX17, §.6] for an analogous statement in a similar situation.
Now take any convex body K with empty interior, and write F = Vect(K). Then the
surface area measure of K is supported on F⊥∩Sd−1 (to see this approximate K by a polytope
with non-empty interior). It follows that vol(K[d− 1], L) = vol(K[d− 1], piV ⊥(L)).
• When dim(F ) = d − 1, we get vol(K[d − 1], ·) = cLength(piF⊥(·)) for some positive
constant c > 0 since there exists a unique valuation of degree 1 on the real line.
• When dim(F ) ≤ d− 2, we have vol(K[d− 1], ·) = 0. Indeed if K and L lies in orthogonal
complement then we have vol(tK + L) = O(td−2).
We may now prove:
Proposition 54. When d ≥ 3, the operator α 7→ αd−1 is neither injective nor surjective from
the cone of torus-invariant nef classes to the cone BPFd−1(tor).
Proof. For any two convex bodies with Vect(K) = Vect(K ′) of codimension 1, we have vol(K[d−
1], ·) = c vol(K ′[d− 1], ·) for some positive c > 0 contradicting the injectivity.
To negate the surjectivity, we claim that one cannot solve vol(K[d − 1], ·) = µ with µ =
vol(BE[d − 2], piE(·)) where dim(E) = d − 1. Indeed if vol(K[d − 1], ·) = µ then F = Vect(K)
cannot be equal to Rd. When dim(F ) ≤ d− 2, then vol(K[d− 1], ·) ≡ 0, and dim(F ) ≤ d− 1
is also impossible by what precedes.
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